ATIYAH DUALITY FOR MOTIVIC SPECTRA

TONI ANNALA, MARC HOYOIS, AND RYOMEI IWASA

ABSTRACT. We prove that Atiyah duality holds in the co-category of non-Al-invariant motivic spectra
over arbitrary derived schemes: every smooth projective scheme is dualizable with dual given by the
Thom spectrum of its negative tangent bundle. The Gysin maps recently constructed by L. Tang are
a key ingredient in the proof. We then present several applications. First, we study A'-colocalization,
which transforms any module over the Al-invariant sphere into an Al-invariant motivic spectrum with-
out changing its values on smooth projective schemes. This can be applied to all known p-adic cohomol-
ogy theories and gives a new elementary approach to “logarithmic” or “tame” cohomology theories; it
recovers for instance the logarithmic crystalline cohomology of strict normal crossings compactifications
over perfect fields and shows that the latter is independent of the choice of compactification. Second,
we prove a motivic Landweber exact functor theorem, associating a motivic spectrum to any graded
formal group law classified by a flat map to the moduli stack of formal groups. Using this theorem, we
compute the ring of P!-stable cohomology operations on the algebraic K-theory of qcgs derived schemes,
and we prove that rational motivic cohomology is an idempotent motivic spectrum.
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This paper is a sequel to [AHI24], where we introduced the stable co-category MSg of motivic spectra

over a derived scheme S. Our goal is to prove the following theorem and discuss some applications:

Theorem 1.1. Let f: X — S be a smooth projective morphism between derived schemes.

(i) (Ambidexterity, Theorem [5.9) There is a canonical isomorphism of functors

[iX7Y ~ fo: MSx — MSs.

(ii) (Atiyah duality, Corollary [5.15)) For every £ € K(X), the Thom spectrum Thx(§) € MSg is

dualizable with dual Thx (—§ — Q).

In A'-homotopy theory, this ambidexterity theorem was announced by Voevodsky and proved
independently by Ayoub [Ayo08] and Rondigs [Rén05]. This theorem is one of two key ingredients in
the construction of the six-functor formalism for A'-invariant motivic spectra, the other one being the
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localization theorem of Morel and Voevodsky. While the latter does not hold as is without A'-invariance,
Theorem is hopefully a first major step towards a six-functor formalism for some theory of non-A'-
invariant motivic spectra.

It follows from Atiyah duality that any cohomology theory satisfying the Kiinneth formula and repre-
sentable in MSg satisfies Poincaré duality. This unifies essentially all known instances of Poincaré duality
for cohomology theories of schemes, including non-A'-invariant cases such as de Rham cohomology by
Clausen [Cla21] and relative prismatic cohomology by Tang [Tan22).

Part I is dedicated to the proof of Theorem We crucially make use of the Gysin maps in MSg
constructed by Longke Tang [Tan24]: for a closed immersion Z < X between smooth S-schemes, the
associated Gysin map is a canonical map

gys: Xy = Thz(Nz,/x)

in MSg, whose A'-localization recovers the purity isomorphism Ly: (X/(X — Z)) ~ Ly Thz(Ny/x) of
Morel and Voevodskyﬂ Using the Gysin map for the diagonal embedding X <« X xg X of a smooth
separated S-scheme, we can define in a standard way a canonical pairing

evy ¢! Thx(f) ® ThX(_f - QX/S) —1g

in MSg, which we investigate in Section|3] A more precise statement of Atiyah duality is that the pairing
evy ¢ is perfect when X is smooth and projective.

Similarly to the proofs of Ayoub and Réndigs in A'-homotopy theory, we reduce the ambidexterity
theorem to the case of projective space P — S, where we then argue by induction on n. The heart of
the proof is the induction step, which is carried out in Section |4l In more details, the structure of the
proof of Theorem is as follows:

We prove Atiyah duality for X = P¢ and £ = O(—1)™ by induction on n (Theorem [4.8)).
Atiyah duality for X = P% and £ = 0 implies ambidexterity for f: P% — S (Proposition E .
Ambidexterity for P™ implies ambidexterity for all smooth projective morphisms (Theorem [5.9)).
Finally, ambidexterity for f: X — S implies Atiyah duality for any £ € K(X) (Corollary |5__1;ﬁ[>

Remark 1.2. In [Hoyl7, Section 5.3], a different proof of ambidexterity for f: P% — S is given, which
does not proceed by induction on n but instead uses a direct geometric construction of the unit map
ns:id — f;2 7% f* (called the Pontryagin-Thom collapse map in loc. cit.). This geometric construction
strongly relies on A'-homotopy invariance, so it is not clear how to adapt it to MSg.

Remark 1.3. In A'-homotopy theory, the ambidexterity theorem was generalized to smooth proper
morphisms by Cisinski and Déglise in [CD19]. To obtain such a generalization in our setting requires
further developments towards the six-functor formalism. If k is a field of characteristic 0, one can combine
Theorem ii), Chow’s lemma, resolution of singularities, and weak factorization to prove that Thy (§)
is dualizable in MSj, for any smooth proper k-scheme X and any & € K(X).

In Part II, we discuss some applications of Atiyah duality. As one of our main applications, we study
Al—clolocalization in Section @ by which we mean the right adjoint to the inclusion of the subcategory
MS% of Al-invariant motivic spectra (which is the usual stable motivic homotopy co-category of Morel
and Voevodsky). More specifically, we consider the functor

Mods ,, (MSs) — MS4, E— Ef,

which is right adjoint to the inclusion, where 151 = L1 (1) is the Al-invariant motivic sphere. Atiyah
duality implies that the A'-colocalization Et of a 1,1-module E has the same values as E on smooth
projective schemes. Moreover, its values on more general smooth schemes can sometimes be computed
by means of a suitable compactification:

Theorem 1.4 (Computing the A'-colocalization). Let S be a derived scheme and let E € Mody , (MSg).
(i) (Proposition [6.21)) For any smooth projective S-scheme X and any § € K(X), the counit map

EY(Thx (€)) = E(Thx (£))

is an isomorphism.

INote that the purity isomorphism does not hold prior to Al-localization. In fact, a motivic spectrum in MSg satisfies
purity if and only if it is Al-invariant; see Remark
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(ii) (Proposition Let U be a smooth S-scheme admitting a smooth projective compactification
U — X with a relative strict normal crossings boundary 0X = X —U. Let hX,...,0,X be
the smooth components of 0X, and for any subset I C {1,...,n}, let 0rX = [\;c; 0;X and let
ir: 01X — X be the inclusion. Then, for any ¢ € K(X), one may compute ET(Thy (€)) as the
total cofiber of an n-cube I — E(Thy,x (& +N;,)), whose edges are Gysin maps.

For this theorem to be useful, we need to know some examples of 14:1-modules. A large supply of
1,:-modules comes from the fact that algebraic K-theory is Al-invariant on regular noetherian schemes.
As recently proved by Bachmann [Bac22|, Voevodsky’s slice filtration of the motivic spectrum KGL over
a Dedekind domain D induces a multiplicative filtration of the algebraic K-theory of smooth D-schemes
with associated graded given by the Bloch-Levine motivic complexes; this is the motivic filtration F*K
of algebraic K-theory. This filtration is represented by the motivic spectrum kgl € MSp in the sense
that F"K = Qpi~ "kgl for all n € Z. Moreover, the structure maps F"K — F"~1K are induced by the
multiplication by the Bott element 5: P! — kgl, and we have

kgl[57!] = KGL and kgl/B = HZ.

In a similar way, the motivic filtration of p-complete topological cyclic homology TC,, defined by Bhatt,
Morrow, and Scholze in [BMS19] is represented by a motivic spectrum tc, € MSg over any derived
scheme S, with a Bott element 3: P! — tc, such that

tep[37'] =TC, and tc,/B = HZY™.

Over a Dedekind domain D, we show that the cyclotomic trace K — TC,, is compatible with these motivic
filtrations (Proposition [6.12]), which gives rise to a morphism of motivic Eo-ring spectra kgl — tc, in
MSp.

Theorem 1.5 (Examples of 1,:-modules).

(i) (Localizing invariants, Example Let E be a localizing invariant of Z-linear co-categories and
let Es € MSg be the associated motivic spectrum over a qcqs derived scheme S. If S is reqular
noetherian or if E is truncating, then Eg is a 1x1-module.

(ii) (Rational orientable ring spectra, Example If S is regular noetherian, then any rational
ortentable commutative ring in hMSg is a 141 -module.

(iii) (p-adic étale cohomology theories, Corollary Examplesand Let S be p-completely
smooth over a Dedekind domain and let (A, I) be a prism with a map S — Spf(A/I). Then the
following motivic spectra are Eo-algebras over kgl and hence over 141 in MSg:

tcp, tpy, te, , thhy, TC,, TP,, TC, , THH,, HZY" HZ,, HA .

Here, the motivic spectra tcy, tp,, tc, , and thh, represent the Bhatt-Morrow-Scholze motivic

filtrations of TCy, TP,, TC,, and THHy, respectively, HZ}" = tc,/B represents syntomic
cohomology (of p-adic formal schemes), HZ, = tpp/ﬁ represents absolute prismatic cohomology,
and HA represents prismatic cohomology relative to (A, I).

In particular, if k is a perfect field of characteristic p, then the crystalline cohomology motivic

spectrum HW (k)Y = HW (k) s an E-algebra over 1,1 in MS.

Remark 1.6. Given that almost all examples of cohomology theories are provably or conjecturally
1,:-modules over regular noetherian schemes, one may reasonably ask if the motivic sphere itself is A'-
invariant over such bases. While an answer to this question is probably out of reach in this generality,
the case of a base field seems approachable, especially in characteristic zero. One can also enforce a
positive answer by replacing MSg with Mody,, (MSg) without any obvious undesirable side effects (at
least when S is a field or a Dedekind domain).

Theorem ii) suggests that ET(U) may be interpreted as the “logarithmic E-cohomology” of the
pair (X,0X), but it is defined without reference to a choice of compactification (which may not even
exist in general). We make this interpretation more precise for crystalline cohomology by comparing the
Al-colocalization of HW (k)°™* with the logarithmic crystalline cohomology defined by Kato [Kat89):

Theorem 1.7 (Comparison with rigid and logarithmic crystalline cohomology, Proposition [6.27)). Let k
be a perfect field of characteristic p > 0.

(i) The motivic spectrum HW (k)Y>T[1/p] represents Berthelot’s rigid cohomology.
(ii) For a smooth k-scheme U, suppose that there is a smooth projective compactification X such that
0X = X — U is a strict normal crossings divisor. Then there is a W (k)-linear isomorphism

HW (k)1 (U) = Rl arys (X, 0X) /W (K)),
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where the right hand side is logarithmic crystalline cohomology; in particular, the latter does not
depend on the choice of compactification.

The question of independence of the choice of compactification has been open since the introduction
of logarithmic crystalline cohomology. Mokrane [Mok93| proved it under resolution of singularities.

In Section [7] we show that the algebraic cobordism spectrum MGL can be built in a familiar way
using Grassmannians (which is less obvious than in Al-homotopy theory). Atiyah duality then implies
that MGL is lisse, i.e., a colimit of a dualizable objects in MSg. This in turn implies a homological
version of the Conner—Floyd isomorphism of [AHI24]:

Theorem 1.8 (Homological Conner—Floyd isomorphism, Corollary. Let S be a qcgs derived scheme.
There is an isomorphism of bigraded multiplicative homology theories

MGL,, (=) @ Z[*'] ~ KGL,.(—): MSg — AbZ*Z,

The fact that MGL is lisse further allows us to adapt the proof of the motivic Landweber exact functor
theorem of Naumann-Spitzweck—@Dstvaer [NSA09] to our non-Al-invariant setting, which is the content
of Section This theorem associates to certain graded modules M over the Lazard ring L a motivic
spectrum ®(M) € MSg with an isomorphism of homology theories ®(M)..(—) ~ MGL,.(—) ®L M.
For example, Theorem says that the motivic K-theory spectrum KGL is obtained in this way from
the multiplicative formal group law x + y — Bxy on Z[3T!]. It turns out that this construction ® has
good functorial and multiplicative properties, at least modulo phantom maps, which is enough for some
applications. To succintly formulate these properties, we consider on the one hand a certain symmetric
monoidal 1-category Mod?g’;r of flat modules over the moduli stack My, of formal groups, and on the
other hand the symmetric monoidal 1-category BMSgsse whose objects are lisse motivic spectra and
whose morphisms are those of hMSE*® modulo phantom maps.

Theorem 1.9 (Motivic Landweber exact functor theorem, Theorem [8.18]). There is for any qcgs derived
scheme S a symmetric monoidal functor

®: Mody ™ — hMSE™,
natural in S, such that for any Z-graded L-module M that is flat over Mgy, we have an isomorphism
B(M)sn(=) = MGL,. (=) @, M: MSg — AbZ*Z,

In Section @ we use Theorems and to study P!-stable operations in algebraic K-theory. We
explicitly compute the bigraded endomorphism ring KGL{*KGL for any subring A C Q in terms of
the algebraic K-theory of the base scheme and the automorphisms of the multiplicative formal group
(Proposition . When A = Q, we recover the idempotents defined by Riou in A'-homotopy theory
[Rio10l Section 5], which induce a decomposition of KGLg into eigenspaces of the Adams operations.
Along the way, we generalize to derived schemes a theorem of Soulé about the finiteness of the Adams
decomposition (Proposition (11)) We then define the rational motivic cohomology spectrum HQ over
any derived scheme S as the Oth Adams eigenspace of KGLg. When S is regular noetherian, HQ is
Al-invariant and coincides with Riou’s motivic spectrum, which was further investigated by Cisinski and
Déglise in [CD19L Section 14]. Finally, as another application of Theorem we prove:

Theorem 1.10. Let S be a derived scheme.

(i) (Idempotence of HQ, Theorem The rational motivic cohomology spectrum HQ € MSg is
an idempotent E..-algebra.

(ii) (Characterization of HQ-modules, Proposition A Q-linear motivic spectrum lies in the
image of the fully faithful embedding Modug(MSs) < MSg if and only if it admits a structure
of MGL-module in the homotopy category hMSg.

Note that even though HQ is the usual Al-invariant rational motivic cohomology spectrum when S
is regular noetherian, its idempotence in MSg is a stronger statement than its idempotence as an A'-
invariant motivic spectrum. A natural question that we do not pursue in this paper is whether Morel’s
isomorphism HQ ~ 15 holds in MSg. Here, 1g = 15 X 1g is the decomposition of the rational motivic
sphere into the eigenspaces of the swap automorphism of P! ® P!. We expect this to be true in general
and record it as a conjecture:

Conjecture 1.11. For any derived scheme S, we have HQ =~ 16 in MSg.

By Theorem ii), this conjecture is equivalent to the orientability of the motivic ring spectrum 15.

Establishing this conjecture would be a first step towards answering the question of the A'-invariance of
the motivic sphere raised in Remark
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Conventions and notation. We generally use the same notation as in [AHI24|, except that we use
the Nisnevich-local version of the oo-category of motivic spectra:

MSS = Sp[pl (TNis,ebu(Sm57 Sp))

Thus, the Morel-Voevodsky stable motivic homotopy co-category is the full subcategory of MSg spanned
by the Al-invariant objects. Moreover, by [AHI24) Proposition 2.2], any motivic spectrum satisfies
smooth blowup excision

We write Map(X,Y) for the mapping anima in an co-category, map(X,Y’) for the mapping spectrum
in a stable oo-category, and Hom(X,Y") for the internal Hom object in a monoidal oo-category.

Given motivic spectra E, X € MSg, we write

Epq(X) = mMap(XP~2181, 1, X @ E),
EP1(X) = moMap(X, £P 2121, E),

and we let E,(X) = Ea,,(X) and E"(X) = E*»"(X). We also write E(X) for the mapping spectrum
map(X, E).

A scheme is a derived scheme by default. Note that we often use hooked arrows < for immersions
of derived schemes, even though these are not monomorphisms. We write Schx for the co-category of
X-schemes and Smyx C Schy for the full subcategory of smooth X-schemes. The superscript “fp” means
“of finite presentation”.

We write Vect(X) for the anima of finite locally free sheaves over a scheme X, and Pic(X) = Vect (X)
for the subanima of invertible sheaves. For a sheaf & € Vect(X), we denote by V(&) = Spec(Sym &)
and P(€) = Proj(Sym &) the associated vector and projective bundles. We denote by N; = £;[—1] the
conormal sheaf of a quasi-smooth immersion i: Z < X, so that V(N;) — Z is the normal bundle of i.

Acknowledgments. We are especially grateful to Longke Tang, who shared with us his construction
of Gysin maps, to Jacob Lurie for suggesting the link between A'-colocalization and logarithmic coho-
mology theories, and to Dustin Clausen and Akhil Mathew for communicating with us about the filtered
cyclotomic trace.

Part I. Atiyah duality
2. BACKGROUND ON GYSIN MAPS
Let S be a derived scheme. In [AHI24] Section 7], we constructed a symmetric monoidal functor
K(S) — Pic(MSg), ¢ X415,

called the J-homomorphism, where K(S) is the K-theory anima of S, which is moreover natural in S. It
is induced by a symmetric monoidal structure on the functor

VectP(S) = Pepu(Smg)., &€ — P(EDO)/P(E),

where Vect®!(S) is the co-category of finite locally free sheaves on S and epimorphisms. For a smooth
morphism f: X — S and an element £ € K(X), we define the Thom spectrum Thx (£) € MSg to be the
motivic spectrum fﬁEf 1x. Note that any fiber sequence F — & — G in Perf(X) induces an isomorphism
E~F G in K(X), hence an isomorphism of Thom spectra

Let Pairg be the subcategory of the arrow category Sm@1 whose objects are closed embeddings and
whose morphisms are excess intersection squares

Zh— X'

|l

J — X

in the sense of [Kha2ll Introduction], i.e., topologically cartesian squares such that the induced map
Nz, x|z = Nz /x is surjective (these are exactly the conditions under which there is an induced map

2In fact, we will never directly use Nisnevich descent, and all results in this paper remain valid if we define MSg using
PZar,sbu; the proof of ambidexterity for projective spaces even works using Pzar cbu- To simplify the exposition, and because
they do not seem to be of any practical relevance, we chose not to keep track of such refinements.
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Blz(X') = Blz(X)). If mes Vect®® — Smg denotes the cartesian fibration classified by Vect®P!, there
is an obvious symmetric monoidal functor

Pairg — Vect®, (Z < X)) (Z,Ngx).
Smg

Applying the J-homomomorphism yields a symmetric monoidal functor

(2.1) Pairg — N[SS7 (Z — X) — ThZ(NZ/X>-

Furthermore, let Tripleg be the subcategory of Sm?2 whose objects are composable pairs of closed
embeddings and whose morphisms are pairs of excess intersection squares. If SyVect®®! denotes the oo-
category of short exact sequences of finite locally free sheaves (with epimorphisms as morphisms), there
is a symmetric monoidal functor

Tripleg — SsVect™®, (W — Z — X)— (W,Ng/xlw = Nywx = Nwyz).
Smg
Applying the J-homomorphism yields a symmetric monoidal functor
(2.2) Tripleg — MS3', (W < Z < X) = (Thw (Nw,x) =~ Thiwy (N2 x|w & Nuw,z)).
Let Z — X be a closed embedding between smooth S-schemes. In [Tan24], Longke Tang constructs
a Gysin map
gys: X+ — ThZ(NZ/X)

in MSg, where Nz, x is the conormal sheaf of the embedding. The following theorem records the minimal
properties of Tang’s construction that we will need.

Theorem 2.3 (Tang).

(i) (Functoriality in pairs and linearity) The Gysin maps assemble into an Smg-linear functor
Pairs — MS3', (Z = X)— (gys: X3 — Thz(Nz/x)),

natural in S, whose boundary Pairg — MSgAl is given by (Z — X) — XX, and (2.1). In

particular, we have for any € € Vect(X) an E-twisted Gysin map

P(E® Ox) s, Thpe ,00,)(Nz/x)
P(&) Thpe ) (Nz/x)

(ii) (Composition of closed immersions) The Gysin map X1 — Thx(Nia) = X is the identity,
naturally in X and in S. If Z — X and W — Z are closed embeddings in Smg, then there is a
commutative square

Thx((g): ZThz(Ez@NZ/X).

Xy ——2 5 Thy(Ng/x)

gy: Sl J{gys

Thw Nw/x) —— Thw (Nz,x|w © Nw,z)

in MSg, where the lower isomorphism comes from the fiber sequence Nz, x|w — Nw/x — N,z
in Perf(W). Moreover, these squares assemble into an Smg-linear functor

Tripleg — MS4 47,
. . Al xaly ., . .
natural in S, whose boundary Tripleg — MSgq is given by three instances of (i) and one

instance of (2.2)).

(i) (Normalization) For any & € Vect(S), the null-sequence
P(&)y — P(E®O), &5 The(€)
in MSg obtained by applying (i) to the excess intersection square

g —— P(€)

| !

S —— P(E D O)

is a cofiber sequence.
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Remark 2.4. Theorem [2.3(i) is a coherent version of the following statement: if

Z/ ¢ X/

|

J — X

is a topologically cartesian square in Smg such that the induced map Nz, x|z — Nz/,/x/ is surjective,
then there is an induced commutative square

X, 255 Thy (N xr)

| |

X; —25 Thy(Nyz/x)
in MSg. Moreover, the Smg-linearity implies that we have for every Y € Smg a commutative square

X, oY, 22, Thz(Nz/x) ® Yy
zl JZ
(X xY)y =2 Thzxy Nzxy/xxy)-

Remark 2.5. Let Z — X be a closed embedding in Smg and let U = X — Z be the open complement.
Applying the functoriality of Gysin maps to the cartesian square

o — U

|

7 — X,

we obtain a null-homotopy of the composition
Uy = Xy 25 Thy(Ny/x)

in MSg. Unlike in A'-homotopy theory, this is almost never a cofiber sequence in MSg. For example, by
Theorem (iii)7 the fiber of the Gysin map JP’}F — Thoo(Noo) is {0} 4 and not Ai.

Construction 2.6 (Gysin transformation). Let f: X — S be a smooth morphism and i: Z — X a
closed embedding such that fi is smooth. Then there is an Smg-linear functor Smyx — Pairg that sends
Y € Smy to the pair Yz < Y. Composing it with the functor of Theorem [2.3(i), we get an Smg-linear
natural transformation

(2.7) FeSRR ()4 = () SN 888 (—) 4 < Smx — MS.

By the universal property of MSx as a Pis.ebu(Smg, Sp)-linear co-category [AI23] Proposition 1.2.2],
composition with 3% (—)4: Smy — MSx induces an isomorphism of co-categories

(2.8) Funyys, (MSx, MSs) = Fung.s™™ (Smy, MSs),

where Fune means C-linear functors, Fun' means colimit-preserving functors, and Fun™*°"" means
functors that send Nisnevich sieves and elementary blowup squares to colimit diagrams. We then define
the Gysin transformation

gys(f.i): fy — g:¥™i": MSx — MSg
to be the MSg-linear natural transformation obtained from (2.7)) using the isomorphism (2.8)).
Proposition 2.9 (Properties of Gysin transformations).

(i) (Base change) Given a cartesian diagram

Wk ST

Lk

—
Z%X%S

o

J
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where i is a closed immersion and f and fi are smooth, the following square commutes:

gsb* 4>gy s(g.k) (gk)ﬁENkc*z*
BC|? ZlBC

a* fy SEEED, o (i) N
(Base independence) Given morphisms

Zeisx 1yg o,

where i is a closed immersion and f, fi, and a are smooth, the following square commutes:

ag fy LLCON ay(fi)y XN

ZJ ll

(af)y = (afi)z i,
(Linearity) Given morphisms

Z%X%S,

where i is a closed immersion and f and fi are smooth, and given A € MSx and B € MSg, the
following square commutes:

F(A® F(B)) 220 (1), 5N (*(A) @ (fi)*(B))
PF\LZ ZJ(PF
fi(A) @ B — DSy N (A) @ B.

(Composition of closed immersions) The map gys(f,id) is the identity, and given morphisms

Wtz x 1

S,

where i and k are closed immersions and f, fi, and fik are smooth, the following square
commutes:

s(f:0) NG
[y = (fi)yxNid
gyS(f,ik)l lgyS(fiyk)
(fik)yZNirkri* — s (fik)y NN R N prgx,

Here, the isomorphism is induced by the fiber sequence k*(N;) — Ny = Ny in Perf(W).

Proof. (i) It suffices to build a square in Fungp, (Smy, MSr). By Theorem [2.3]i), there is a commutative
diagram of Smg-modules

Smy —— Pairg — MS3'

L

Smy —— Pairp —— MS%I.

The boundary is an Smg-linear transformation between two functors Smy — MS%l, i.e., a functor
A' x A! — Fungp,, (Smx, MSt). This is the desired square.

(ii) We consider the cartesian diagram

ZxTS%XxTSLSXTSLMS'

R

Ze—— 1t sx__ 1 g o .7
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1
There is an Smg-linear functor Smyx — Pair? sending U to the excess intersection square

Uz —— U

| J

UZxTSc—>U><TS.

Composing with the Gysin map functor Pairg — MS?1 and applying the isomorphism ({2.8)), we obtain
a commutative square

fo —EED s (fi) N
(@f)ems SUED (@) i

On the other hand, (i) gives a commutative square

A s eys@fn o, a S
(af)pry ——= (af1)ySNemyi
BCJZ ZlBC
a*(af)y oTgyslaf i) a*(afi)y SN,
Combining these two squares and using the adjunction ay - a* gives the desired commutative square.
(iii) The natural transformation gys(f,) is MSg-linear by construction.

(iv) This square is obtained from Theorem ii) in the same way that the Gysin transformation was
obtained from Theorem [2.3(i), using the functor Smx — Tripleg sending Y to Yiy — Y, — Y. (]

Remark 2.10 (Functoriality of Gysin transformations). Let fpairs MS — Pairg be the cartesian fibration
classified by

Paird” — Catoo, (Z < X) — MSx.
(i) There is an MSg-linear functor

MS — MS3',

Pairg

whose restriction to the fiber over Z < X is the associated Gysin transformation MSx — MS?I.
To see this, consider the functor

/ Sm — Pairg, (Z— X,Y € Smx)+— (Yz = Y),
Pairg

which is fiberwise Smg-linear. Composing it with the Smg-linear functor from Theorem [2.3(i)
and applying the isomorphism (2.8)) fiberwise yields the claimed MSg-linear functor.
In the same way, there is an MSg-linear functor

/ MS — MS5 <A
Tripleg

encoding the commutative squares of Proposition iv).
(ii) The Smg-linear functor from Theorem [2.3|i) can also be extended to an Smg-linear functor

MS — MS3',
Pail‘s
where the action of Smg on the source is given by
YR(Z—=>X,E)=(YXZ<=>YxX,7\xE).
Note that this differs from the Smg-linear functor of (i), which used the fiberwise Smg-action on
the source. However, the obvious maps
Y xZ—=YxX,7xE) = (Z— X,nxy7xE)

are part of an oplax Smg-linear structure on the identity of fpairs MS, viewed as a functor from

the above Smg-module structure to the fiberwise one, which by smooth base change becomes
1

strict after composing with the functor to MS? .
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Remark 2.11 (Gysin map for Thom spectra). Let i: Z — X be a closed immersion in Smg and let
¢ € K(X). Applying the Gysin transformation to ¥¢1x yields a &-twisted version of the Gysin map

When ¢ comes from a finite locally free sheaf & € Vect(X), this is by construction the &-twisted Gysin
map described in Theorem [2.3(i).

Composing the functor of Remark ii) with the J-homomorphism, we obtain an extension of the
functor of Theorem [2.3(i) to an Smg-linear functor

/ K— MSél,
Pairg

sending (Z — X, &) to the &-twisted Gysin map above. Similarly, we can extend the functor of Theo-
rem [2.3(ii) to an Smg-linear functor

1 1
/ K — MSg *4 .
Tripleg

3. THE GEOMETRIC EVALUATION MAP

Here, we construct the geometric dual and the geometric evaluation map of Thom spectra over smooth
separated S-schemes, which play an instrumental role in our proofs of Atiyah duality and ambidexterity.
The geometric evaluation map induces a comparison map between the geometric dual and the categorical
dual, which will ultimately be shown to be an isomorphism for Thom spectra over smooth projective
S-schemes (see Corollary . The naturality properties of this comparison map are also investigated.

Construction 3.1 (Geometric evaluation map and comparison map). Let X be a smooth separated
S-scheme and let £ € K(X). The geometric evaluation map

evxe: Thx(f) ®Thx(—§ — Qx) —1g
is defined as the composition
Thx (€) ® Thy (=& — Qx) ~ Thyxx (€ B (=€ — Qx)) 25 Thy (Ns — Qx) ~ X4 — 1g,

where §: X — X x X is the diagonal embedding, whose conormal sheaf N is identified with Qx via the
canonical isomorphisms

N5 2 6" Q, >~ 617 (Qx) ~ Qx.

The Thom spectrum Thy (=& — Qx) is called the geometric dual of Thx (§) in MSg.
By adjunction, the geometric evaluation map induces the comparison map

compy ¢: Thx (=& — Qx) — Thx(£)”
in MSg, where EY = Hom(E, 1g) denotes the categorical dual of a motivic spectrum E.

Remark 3.2. The choice of isomorphism Ns ~ Qx used in the definition of evx ¢ is arbitrary, but it will
be important to remember this choice. The other choice yields a pairing that differs from evx ¢ by the
automorphism (—1)™x of 1x, which is nontrivial when X is odd-dimensional and —1 is not a square.

Construction 3.3 (Gysin null-sequences). Let X be a smooth S-scheme and let Y and Z be smooth
closed subschemes in X with Y N Z = @. The cartesian square

g —Y
Z — X
is then a morphism from @ <— Y to Z < X in the category Pairg, inducing a null-sequence
Thy (§ly) =% Thx (€) =% Thz(Nz +&l2)

in MSg for every ¢ € K(X).
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Proposition 3.4 (Bivariant naturality of the comparison map). Let X be a smooth separated S-scheme
and let' Y and Z be smooth closed subschemes in X with Y N Z = &. Then the comparison maps
COMPy ¢, , COMPx ¢, and compy ¢ participate in a morphism of null-sequences

Thz(—¢ — Qx) = Thy (=€ — Qx) = Thy (=€ — Qy)
(3.5) l ] l l

Thy (§ + Nz)¥ —25— Thy (€)Y —— Thy (&),
where both rows are instances of Construction [3.3

Proof. Unpacking the duals, we are led to consider the following diagram in MSg (where we omit £ for
simplicity):

0 Y, @ Thy (—y)
/ A

Y+ ®Thz(—ﬂx) —\— Y+ ®Thx(—ﬂx)

g

0
\ 0 Y,

X, ® Thy(—Qy) X, ® Thy(—Qy)

e
Thz(Nz) @ Thz(—Qx)

— |

Here, the horizontal and vertical arrows are induced by closed immersions in Smg, while the other arrows
are the obvious Gysin maps. The left prism is induced by the excess intersection squares

+ X+—> 15’.

(%] (%) Y xZ

| |

L —s I XL —s XXZ.

The prism at the top is similarly induced by the excess intersection squares

%] %] Y xZ

o |

Y ——Y XY —Y xX.

Finally, the cube is induced by the following commutative square in Pairg:

(=Y xZ) — (Y =Y xX)

l l

(Z>XxZ)— (X = X xX).

The bottom (resp. right) face of corresponds to the left (resp. right) square in . The uppermost
(resp. leftmost) 0 in corresponds to the null-homotopy of the first (resp. second) row in (here,
we use the Smg-linearity of Gysin maps from Remark. Finally, the factorization through the middle
0 i identifies the two resulting null-homotopies of the composite map Thz(—£ — Qx) — Thy (£)V
in (3.5). 0

Lemma 3.7. Consider a cartesian square

N
~

o
L
V4

<—
Q@

>
1%
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where f and g are smooth. Then the following diagram commutes for all A € MSx and B € MSy :

f(A® frgy(B)) « 22— fi(A® g f*(B))
PFlZ ZTPF
fi(A) ® g¢(B) hy(3*(A) ® f*(B))
PF} ZlPF
94(9" f(4) ® B) « 25— g(f2"(4) © B).
Proof. This follows from the lax monoidal structure of

hMS;} : Span(Sch, all, smooth) — Caty, (X Lz Y)— g f*. O

Proposition 3.8. Let X be a smooth separated S-scheme and let £ € K(X). Then the pairing
evxe: Thx(§) ® Thx (=€ —Qx) — 1g

of Construction[3.1) is skew-symmetric in the following sense:

rk Q
CVX,£ 00 =€Vx, —¢-Qx (=17,

where o is the swap map and (—1) is the image of the nontrivial loop by the J-homomorphism QK(Z) —
Aut(lz).

Proof. Let f: X — S be the structure map. The pairing evx ¢ is by definition
¢ 51, ey ey B8O pye evy-e-0
fiXtlx @ fyX 1x >~ fyXs f* fy2 1x >~ fylimoymiy 1x
om0, ESESNoN U1y~ il S 1.

The following commutative diagram (with A = X1y and B = £ ~¢"%1x) shows that the pairing with
values in fylx is already skew-symmetric in the desired sense:
7'(2,5 o
Fi(A® f*£,(B) « 29— fy(A® mymi(B)) TN f(A@$5B) 2 f(A B B)
PF\LZ | PR 2

f(A) @ fy(B) hy(m5(A) @ m(B)) 22 f58s (4 @ B) 2| 5

PFTZ | PF Zl

F(f* f(A) © B) «BS— fy(mymy(4) @ B) 22 p(sNod @ B) —Zs f(5% A® B)

H |BC zlz—id H

F(F* £o(A) @ B) «BS— fy(mymi(A) @ B) 222 g sNoa @ B) 2 £,(5% A® B).

Here:

e the big left rectangle commutes by Lemma

e the two central upper rectangles commute by the MS-linearity and base independence of Gysin
transformations;

e the rectangle of base change isomorphisms is induced by the cartesian squares

XxgX 25 X

e

WzXXsX%X f

S
X — S,

where o is the swap map;
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e the central bottom rectangle commutes by the compatibility of Gysin transformations with base
change, applied to the following cartesian diagram:

X%y XxgX 3 X
idl Jl lid
X%y XxgX 25 X

(note that the automorphism of Ns induced by o is —id);
e the isomorphism ay is N5 ~ §*Q, ~ §*77Qy ~ Qf and similarly for o, so that alagl = —id;
therefore, the upper and lower right rectangles commute. O
4. DUALS OF PROJECTIVE SPACES

Here, we identify the duals of projective spaces in MSg with their geometric duals. More precisely,
we show that the comparison map

Comppn’o(fl)m : Thpn(—o(_l)m — Q]pn) — Th]pn (O(—l)m)v

is an isomorphism for all n,m > 0. We will argue by induction on n, using Proposition [3.4]for the disjoint
closed subschemes PO, P»~1 C P". The nontrivial part is to show that the null-sequences in loc. cit. are
in fact cofiber sequences.

Lemma 4.1. Let € and F be finite locally free sheaves on a derived scheme. The commutative square
Ppe)(F) — Pp(e)(0(1) & F)
IP’(\LH’) — IP((‘Z\EB F)
is a universal strict virtual Cartier divisor over P(F) — P(E®F). In particular, there is an isomorphism
Blp(z) (P(€ © T)) = Pr(e) (0(1) © )
identifying the exceptional divisor with Pp(g)(F).

Proof. The embedding P(F) — P(€ @& F) is the vanishing locus of the tautological map & — O(1)
on P(€ @ F). Thus, by the universal property of derived blowup of a vector bundle section [Ann22al
Proposition 2.7], the points of the blowup are commutative squares

E—» L

|

EQTF —— L'

of quasi-coherent sheaves on the blowup, where £ and £’ are invertible (see also [AHI24) Lemma 3.2]).
On the other hand, the points of Ppe)(O(1) @ F) are pairs of surjections & — £ and L & F — L',

This data is clearly equivalent to that of the commutative square above. The exceptional divisor is the

vanishing locus of £ — L', which coincides with Pp(¢)(F). O

Construction 4.2 (Thom spaces of twists by divisors). Let X € Smg, let D C X be a smooth divisor,
and let € be a finite locally free sheaf on X. We construct a zigzag in SmSSnCd [AHI24| Definition 2.4]

Px(E®O) « B—Px(E(D)® 0)
inducing isomorphisms
Thx(€)/Thp(€) <~ B/OB = Thx(&(D))/Thp(&(D))
in Pgpu(Smg)s (or in Pepy(Smg)s if D < X is elementary). Let
bi: B 5 Px(E®O) and by: By = Px(E(D)®O)

be the blowups of Pp(0) — Px (€ @ O) and Pp(E(D)) — Px(E(D) @ O), respectively. The functor of
points of these blowups may be described using the universal property of blowups of vanishing loci (see
[Ann22b, Theorem 122] or [AHI24, Lemma 3.2]):
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e An X-morphism to B; corresponds to a surjection

EDO —» Ly

of locally free sheaves, where £; is invertible, and a factorization

through a surjection to an invertible sheaf M;. The vanishing locus of M; — £1(D) is the
exceptional divisor F; of the blowup.

e An X-morphism to By corresponds to a surjection

of locally free sheaves, where L4 is invertible, and a factorization

through a surjection to an invertible sheaf My. The vanishing locus of Ms — L5(D) is the
exceptional divisor Fo of the blowup.

We note that in both cases, since the composite £; — M; — £;(D) is the identity tensored with the
tautological map O — O(D), so is the reverse composite M; — £;(D) — M;(D).

We claim that B; and By can be identified in such a way that Lo = My and My = £4(D):
e Over Bj, the composition

ED)® O = E(D) @ Ly — M,

is a surjection, which defines a map By — Px (&(D)®0). Indeed, the vanishing loci of (D) — M,
and O — M are strict transforms of Px(0) and Pp (€ @ O) UPx(€), respectively, and these are
disjoint.

Furthermore, we have a factorization

O(D) &M, —— M, (D).
|
£1(D)

The vanishing loci of the maps O(D) — £1(D) and M; — £1(D) are Px (&) and the exceptional
divisor, respectively. Since they are disjoint, the vertical map is surjective. This defines a map
B1 — BQ.
Over By, the composition

ED)®O(D) = La® O(D) - My

is a surjection, which defines a map By — Px (€ @ 0). Indeed, the vanishing loci of €(D) — M,
and O(D) — My are strict transforms of Px(0) UPp(E(D) ® O) and Px(E(D)), respectively,
and these are disjoint.

Furthermore, we have a factorization

(D) & My(—D) —— M.

|

Lo

The vanishing loci of the maps (D) — Lo and My(—D) — Ly are Px(0) and the exceptional
divisor, respectively. Since they are disjoint, the vertical map is a surjection. This defines a map
By — Bj.

It is clear from the construction that the maps By — By and By — Bj are inverse to one another.

Finally, we define relative strict normal crossings divisors 0B; on B; as follows:
e The smooth components of dB; are the strict transforms Dy and Py of Pp(€ @ Q) and Px (&),

as well as the exceptional divisor Fj.
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e The smooth components of 9By are the strict transforms Dy and P of Pp(E(D) & O) and
Px(&(D)), as well as the exceptional divisor Fs.

By smooth blowup excision [AHI24, Proposition 2.7], the maps b; induce isomorphisms
B1/0B1 = Px(€ ®0)/(Pp(E @ 0) UPx(€)) ~ Thx(€)/Thp(E),
By/0By = Px(E(D) @ 0)/(Pp(E(D) ® O) UPx(E(D))) ~ Thx (&(D))/Thp(E(D))
in Pgpy(Smg).. As the isomorphism B; ~ Bj identifies Dy with Es, P; with Py, and E; with Ds, we

obtain the desired zigzag in Smfgmd.

Definition 4.3. Let X be a smooth S-scheme, let ¢ € K(X), and let Y;Z C X be smooth closed
subschemes. We say that (X,Y, Z,€) is a Gysin quadruple if Y N Z = & and if the null-sequence

Thy (§) =% Thx (§) =5 Thz(Nz +¢)
of Construction [3.3]is a cofiber sequence in MSg.

Proposition 4.4. Let X be a smooth S-scheme, let & € K(X), and let Y, Z C X be smooth closed
subschemes with Y N Z = @.
(i) For any € € Vect(S), (P(€ @ 0),P(€),S5,0) is a Gysin quadruple.
(ii) Let ¢ € K(S). Then (X,Y,Z,€) is a Gysin quadruple if and only if (X,Y,Z,& + ) is.
(iii) Let B be the blowup of X in'Y and let E be the exceptional divisor. Then (X,Y,Z €) is a Gysin
quadruple if and only if (B,E,Z,¢§) is.
(iv) Let D be a smooth divisor on X with DNZ = & and let € € Vect(X). Then (X,D,Z,€) is a
Gysin quadruple if and only if (X, D, Z,&(D)) is.

Proof. (i) This is exactly Theorem [2.3|(iii).
(ii) This follows from the MSg-linearity of Gysin maps.
(iii) This follows from smooth blowup excision.
(iv) Consider the zigzag of isomorphisms

Thx(€)/Thp(€) <~ B/OB = Thx(&(D))/Thp(E(D))
from Construction which is obtained by taking the total cofibers of the following cubes:

T\ [

!
Pp(€) lH Px (&) l
S \

v ¢
[ Pp(€) ——— Pp(€)
N | ~ W T
Pp(0) —] Pp(0) l Pp(€) —] Pp(E(D) @ 0)
N ~ N T~
Pp(€ & 0) — Px (€& 0) Pp(€) — Px(E(D) & 0).

Since DN Z = &, the cube
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maps compatibly via closed immersions to each of the cubes above, defining a lift of the above diagram
1

Tw(A!) x (A')? = Smg to Pairg. Applying the functor Pairg — MS% from Theorem i) to this

diagram and taking the total cofibers of the resulting six cubes, we obtain a commutative diagram

Thy (€)/Thp(€) «—— BJOB —=— Thx(&(D))/Thp(&(D))

lgys lgys lgys

Thz(NZ D 8) Thz(NZ D 8) =5 Thz(Nz D 8)

in MSg, where the first and last vertical maps are induced by the given null-sequence for £ = £ and
& = &(D), respectively. Thus, the first vertical map is an isomorphism if and only if the last one is. O

Corollary 4.5. Let & and F be finite locally free sheaves on S and let £ € K(P(E ® F)). Then the
null-sequence

Thp(5) () — Thpear)(E) 25 Thp(e)(F(=1) + &)
from Construction[3.3 is a cofiber sequence in the following cases:
(i) &€ =H(n) for some H € Vect(S) and n € Z;
(ii) &€ = —Qpeas) — H(=1) for some H € Vect(S).

Proof. In each case, we show that we can reach ¢ using the moves from Proposition Let b: B =
Ppeey(F(—1) © O) — P(€ @ F) be the blowup with exceptional divisor E' = Ppe)(F) as in Lemma
By Proposition iii), it suffices to show that (B, E,P(&),b*(£)) is a Gysin quadruple (which now lives
over P(€)). By Proposition [.4]i), we know that (B, E,P(€),0) is a Gysin quadruple. Note that
b*(0(1)) = p*(0(1))(E),

where p: B — P(€) is the structure map.

(i) We have b*(H(n)) = p*(H(n))(nE), so we can conclude using Proposition ii,iv).

(i) Let Q = Qpegg)/s. We consider the Euler fiber sequence over P(€ @ JF) and its dual:

(4.6) Q= (EadF)(-1) =0,
(4.7) 0(-1) = (E@F)Y = QY(-1).
These imply the equations
—-Q=0-(EaF)(-1),

-0(-1) =QY(-1) — (£ F)",

whence
N-H(-1)=EdFeH) W (-1D+0-(EpToH) 2@ (EDTF)
in K(P(€ ® F)). By Proposition ii), it will suffice to show that
(P(&DTF),P(F),PE), H®QY(-1))

is a Gysin quadruple for any H € Vect(S). By Proposition iii,iv), this is equivalent to the statement
that

(B, E,P(€),b"(H ® Q"(—1))(E))
is a Gysin quadruple. If we pull back the fiber sequence to the blowup and tensor it with H(E),
we obtain the equation

b (HQ (-1))(E) = (H @ (EaF))E) —p"(HO0(-1))
in K(B). We now conclude using Proposition ii,iv). O
Theorem 4.8. The comparison maps

comppn g(_qym : Thpn (=O(=1)" — Qpn) — Thpn (O(—1)™)Y
are isomorphisms for all n > —1 and m > 0.

Proof. We use induction on n, the cases n = —1 and n = 0 being trivial (the case n = 0 uses that the
Gysin map of the identity embedding is the identity). By Proposition the comparison maps assemble
into a morphism of null-sequences

Thpn—1(—O(—=1)"™ — Qpn) —25 Thpn (—O(=1)" — Qpn) —23 Thg(—O™)

| V ! |

Thpa-1(O(—=1)™+1)Y — & 5 Thy, (0(=1)™)Y —2 5 Thg(O™)Y,
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in which both sequences are cofiber sequences by Corollary By induction hypothesis, the left and
right vertical maps are isomorphisms, hence also the middle one. O

5. AMBIDEXTERITY AND ATIYAH DUALITY
Let f: X — S be a smooth morphism of derived schemes. We define the functor f: MSx — MSg by
fi=frox %,
It has a right adjoint f': MSg — MSx given by
Fex o fr
Using the naturality and monoidality of the J-homomorphism & — %€, we deduce the following properties:

e (Functoriality) Let g: Y — X be another smooth morphism. Then there is a canonical isomor-
phism

(foh ~ fig.

This uses the fiber sequence g*Qy — Qy, — Q4 in Perf(Y).
e (Base change) For any cartesian square

X s x
o
s 28,
there is a canonical isomorphism
g fi=f !/h*~
e (Projection formula) The functor fi is MSg-linear. In particular, for any A € MSx and B € MSg,
there is a canonical isomorphism

A(A® f*(B)) ~ fi(4) ® B.

These properties are clearly coherent, in the sense that they define a lax symmetric monoidal functor
MS] : Span(Sch, all, smooth) — Cate,, (X Lz Y)—= g f”.

This coherence will not be needed in the sequel, however.

Construction 5.1 (Gysin transformation). Consider a commutative triangle
Z s X
\ J{f
g
S,
where f and g are smooth and i is a closed immersion. There is then a canonical fiber sequence
Ni =" (Qf) = Q
in Perf(Z), inducing an isomorphism i*(27) ~ N; + Q, in K(Z), whence and isomorphism
Y% ~ Ny ()

of endofunctors of MSz. Using this isomorphism, the Gysin transformation gys(f,:): fy — guENii* of
Construction [2.6] may be rewritten as

gys(f,i): fi = gui”.
Remark 5.2 (Properties of Gysin transformations). For convenience, we rewrite the main properties of
Gysin transformations (Proposition [2.9)) using the shriek functors:

(i) (Base change) Given a cartesian diagram

Wk ST

Lk

—
Z%X%S

o

9
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where i is a closed immersion and f and fi are smooth, the following square commutes:
,k)b” .
g[b* gys(g ) (gk)lc*l*
BC|? ZJ(BC
o a”gys(f,1) N
fi BB o (fiit.
(ii) (Base independence) Given morphisms
Ztyx Lyg e,
where i is a closed immersion and f, fi, and a are smooth, the following square commutes:

a fi LLCGON a(fi)*

| |

(af) " (afii.

(iii) (Linearity) Given morphisms
Zeiyx 1 S,
where i is a closed immersion and f and fi are smooth, and given A € MSx and B € MSg, the

following square commutes:
" s(£9) N N\
KA ® [*(B)) =225 (fih(i*(4) @ (fi)(B)
PF\LZ ZlPF
fi(A) e B —2LDS Ay @ B,
(Composition of closed immersions) The map gys(f,id) is the identity, and given morphisms
Wet, gz i,x S g

where ¢ and k are closed immersions and f, fi, and fik are smooth, the following triangle

(iv)

commutes:
fi M (fi)i*

J{gyS(fiJc)i*
(fik)k*i*.
Note that the isomorphism in Proposition iv) disappears due to the following composition in

K(W) being the identity:
—Qpin = —Qp + Ny = —=Qp + Ny + N = —Qp; + Nip = —Qppige.

This relation is witnessed by the 3-simplex Q¢ — Qr; — Q¢ in the Se-construction
Yy f f f

gys(f,ik)

Construction 5.3 (Trace map). Let f: X — S be a smooth separated morphism and consider the

diagram

X

idx

\5\

XxgX 25 X
|#
\)l(—>5

where the diagonal § is a closed immersion. We define the trace
er: 7 fi = idmsy

as the composition

£ gt B 6t sy

Note that e is an MSg-linear transformation. By adjunction, € is equivalent to a natural transformation

Qg f! — f*
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Definition 5.4. Let f: X — S be a smooth separated morphism. We say that f is MS-ambidextrous if
the trace map e¢: f*fi — id of Construction is the counit of an adjunction f* 4 fi, or equivalently
if af: fi = fi is an isomorphism.

Lemma 5.5. Let f: X — S be a smooth separated morphism and let & € K(X). Consider the pairing
evy ¢! Thx(§) ® Thx (=€ — Qf) —1g

of Construction 3. 1.
(i) The induced map compy ¢: Thx (= —Qp) — Thx (§)Y coincides with (of)s-eq -
(ii) The other induced map Thx (§) — Thx (=& — Qf)Y coincides with (af)zgmle(—l)erf.

Proof. Note that there is an isomorphism Thy (€)Y =~ f,X~¢1x induced by the following pairing:

(5.6) [iElx ® L5 61y = fESSLE Ly S TSy = £ 15 S 1s.

Assertion (i) is thus equivalent to the commutativity of the triangle

f[iX¥ly @ i~ C1x
w
15'7

[iZ1ly ® f.X %1y

id®af

which follows at once from the definitions of evx ¢ and of ay. Assertion (ii) follows from (i) and Propo-
sition B.8] O

Proposition 5.7 (From duality to ambidexterity). Let f: X — S be a smooth separated morphism such
that:

(i) X3 X4 € MSg is dualizable;
ii) the map compy o: Thx (—Q¢) = (XXX )Y is an isomorphism.
X,0 f P13+

Then f is MS-ambidextrous.

Proof. We adapt an argument of Ayoub [Ayo08| Proposition 1.7.16]. We first show that the maps
apf* ffT = S f7,
apf's ift = fuf'

are isomorphisms. Both are MSg-linear natural transformations between lax MSg-linear functors. We
claim that all four functors fif*, fif', f.f*, and f.f' are in fact strictly MSg-linear. This is clear for
the first two functors. For the last two functors, we have

fuf " =Hom(51 Xy, —) and  f.f' = Hom(Thx(-Qy), -),

so their MSg-linearity follows from the given dualizability of X359 X and Thx (—€). Hence, it is enough
to show that the maps ayf* and oy f" are isomorphisms on the unit object 1g. For the first map this
follows from Lemma i) and Assumption (ii). By Lemma ii) and Assumption (i), the second map
is dual to the first up to the automorphism (—1)*%%s of f,f'1, hence it is also an isomorphism.

We now show that a¢: fi = f. has an inverse on both sides. On the one hand, the composite

s g S g 25
is right inverse to oy by the triangle identity for f* — f.:

fo M fof f S AP

Sl

Similarly, the composite

«a -1 )
f* fﬂ? f*ff ( ff ! : 2L
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is left inverse to oy by the triangle identity for fi 4 f g

fo—2— f

] N

[ f o Aif A — I 0

Lemma 5.8. Consider a cartesian square

7z -1,y
Ql\h\/‘ly
X =55

where f and g are smooth. Then the following diagram commutes for all A € MSx and B € MSy :
AA® fg(B)) 25— fi(A® g f*(B))
PFlZ ZTPF
fi(A) @ gi(B) hi(g*(A) @ f(B))
PFTZ ZlPF
a(g* filA) ® B) «25— g(fig*(A) ® B).

Proof. This follows from the lax monoidal structure of

hMS; : Span(Sch, all, smooth) — Catq, (X Lz Y)—=af". O
Following [Gro61], Définition 5.5.2], we say that a morphism of derived schemes f: X — S is projective
if it factors as
X = PE)— S,
where the first map is a closed immersion and & € QCoh(S)>¢ is a quasi-coherent sheaf of finite type
(i-e., perfect to order 0). We say that f: X — S is locally projective if this holds locally on S. Note that
a locally projective morphism is proper. Note also that if € € QCoh(S)>¢ is of finite type, there exists
a surjection O"T! — & locally on S. Hence, if f is locally projective, then it factors as X «— P% — S
locally on S.

Theorem 5.9 (Ambidexterity for smooth projective morphisms). Let f: X — S be smooth and locally
projective. Then f is MS-ambidextrous.

Proof. For X = P%, the claim follows from Theorem (with m = 0) and Proposition noting that
P} is dualizable in MSg (since P"/ P"~! is invertible). By Zariski descent, we may thus assume given a
factorization

X ‘5P

.

where p is MS-ambidextrous and 7 is a closed immersion. By definition of MS-ambidexterity, the trace
map €p: p*p1 — idms, is the counit of an adjunction p* - p;. Let n,: idmss — pip* be a compatible unit.
Since €, is MSg-linear, so is 77,. We then define
ny:iduss = fif”
as the composition
iduiss 2 pip* Z2EY, g g
As both 7, and gys(p, i) are MSg-linear, n; is MSg-linear. We now show that 1y and 7 are the unit and

counit of an adjunction f* - f; by verifying the triangle identities, i.e., that the following composites are
equal to the identity:

(5.10) £l e 2 g

(5.11) £ e L5 g
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We first show that ((5.10)) is the identity. By assumption, the composition
Pt it s pt

is the identity. The lower composition in the following diagram is thus the identity, while the upper

composition is (5.10):

Eff*

o e i

. gys gys
fnp T T

Fpp* 5 pfpt —— [

Tu e |sc

TPt —gs > DT

- *
iTEpp

This diagram commutes, showing that (5.10|) is the identity:

o the left triangle commutes by definition of 7y;
e the two squares commute by the compatibility of Gysin maps with base change, applied to the
following two cartesian diagrams:

XxgX s PxgX 5 X X s PxgX o X
ml fi lf l 1d><zl lz
X Z_ P— 5, P e PxgP — P;

e the triangle of Gysin maps is induced by the composition of closed immersions

X 2y X xgX <Y pugx

e

e the triangle of base change isomorphisms is induced by the cartesian squares

PxgX -2+ X

[

FlPxsgP 225 P |f

B

p—r2 5.
We now show that ([5.11)) is the identity. Instead of proving this directly, we will reduce the claim to the

first triangle identity using formal properties of Gysin transformations. Let ¢ be the transformation (5.10))
evaluated on 1g:

L 1X fi} f*fg(].X) E—f) lx.

We claim that the endomorphism (5.11)) can be identified with fi(: ® —). As we have already shown that
¢ is the identity, this will complete the proof.
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In the following diagram, the upper composition is (5.11]) while the lower composition is fi(t ® —):

fieg

A= AR~ Ay ® FA() B A1y @ marp ()~ iy ® )
J{Z ZJ{PF ZTPF H
15@ fi(-) —22 5 fi(1x) @ f(-) h(my(1x) @ i (—)) 200 fac @ )
PFTZ ZTPF ZlPF H
(1) © =) pom AU A(Lx) © ) 20— ﬁ(wmz(jm@—) 2, f(lx @ -)
BC|?
AP RAx) ® =) B flmymi(ly) @ —) —2220 5 1y @),

fi(ep®id)

This diagram commutes:

the top left rectangle commutes by the MSg-linearity of the transformation 7y;

the rectangle directly below commutes by the naturality of the projection isomorphisms;

the large rectangle commutes by Lemma, |5.8}

the two upper right rectangles commute by the MS-linearity and base independence of Gysin
transformations;

the rectangle of base change isomorphisms is induced by the cartesian squares

X xgX s X

L

ﬂzXXin)X f

N

XﬁS,

where o is the swap map;
e the bottom right rectangle commutes by the compatibility of Gysin transformations with base
change, applied to the following cartesian diagram:

X%y XxgX My X

g

X <%y XxgX 24 X.

This completes the proof. O

Lemma 5.12. Let f: X — S be smooth and separated.

(i) For any cartesian square
41)) X
f

~

@
—

N

$> S’
the following diagram commutes:

u* fy B u* fu

s Jso

(03
gv* —2 g.v*
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(ii) For any A € MSx and B € MSg, the following diagram commutes:
fild)eB — 5 f(A) @B

PFTZ J{PF
AA® f(B) —L f(A f(B)).

Proof. By adjunction, this follows from the compatibility with base change and the MSg-linearity of the
trace map €¢: f*fi — idms - O

Proposition 5.13 (Base change and projection formula for smooth projective morphisms). Let f: X —
S be smooth and locally projective.

(i) For any cartesian square

4U>X

gf

)

~

Q
——

u

—

N

the base change transformation
u* fo — gev*
is an isomorphism.
(ii) For every A € MSx and B € MSg, the canonical map

fi(A)® B = f.(A® f*(B))
is an tsomorphism.

Proof. Combine Lemma and Theorem 5.9 (]

Corollary 5.14. Let f: X — S be smooth and locally projective and let A € MSx be dualizable. Then
f3(A) € MSg is dualizable with dual f.(AY).

Proof. Let f: X — S be the structure map. We have Hom(f;A, —) ~ f.(AY @ f*(—)) by the smooth
projection formula. On the other hand, we have f,(AY ® f*(—)) ~ f«(AY) ® (=) by Proposition [5.13((i).
This shows that fyA is dualizable with dual f,.(AY). O

Corollary 5.15 (Atiyah duality). Let S be a derived scheme, let X be smooth and locally projective over
S, and let £ € K(X). Then the Thom spectrum Thx (§) is dualizable in MSg. Moreover, the pairing

eVx ¢! ThX(é) & Thx(—£ — Qf) — 15
of Construction [3.1] exhibits Thx (—& — Q) as the dual of Thx (€).

Proof. Dualizability is a special case of Corollary Since ay: X1y — f.X 7 1y is an isomor-
phism (Theorem, it follows from Lemma [5.5(i) that the comparison map compy : Thx (—§—Qf) —
Thy (€)Y induced by the pairing evx ¢ is an isomorphism, so that the latter is a duality pairing. O

Remark 5.16. If i: Z — X is a closed embedding between smooth and locally projective S-schemes,
then the dual of X274 can be identified under Atiyah duality with the (—{x)-twisted Gysin map

Thx(—Qx) — Thz(—QX + Nz) o~ Thz(—Qz).
In particular, since the formation of duals is functorial, we indirectly obtain a functoriality of Gysin
maps with respect to composition of closed immersions.
Part II. Applications
6. A'-COLOCALIZATION AND LOGARITHMIC COHOMOLOGY THEORIES

Let MS‘%1 denote the full subcategory of MSg spanned by Al-invariant motivic spectra, which coincides
with Voevodsky’s motivic stable homotopy category [Voe98]. We will write

Lyi: MSg — 1\/[8%1

for the left adjoint to the inclusion, which is a symmetric monoidal functor, and 141 = L1 1 for the unit

of MS@I. The purpose of this section is to study A'-colocalization of 1,1-modules in MSg (Definition i
and relate it to logarithmic cohomology theories.

Proposition 6.1. Let S be a derived scheme. The inclusion MS‘%1 C MSg admits a right adjoint.
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Proof. If S is qcgs, then Nisnevich sheaves of spectra on Sms are closed under cohmlts in T(Sm ,Sp),
since Nisnevich descent is equivalent to Nisnevich excision. Hence, both MSg and MS% S are closed under
colimits in the oo-category of lax symmetric P!-spectra in ‘J’(Sng7 Sp). This shows that a right adjoint

exists when S is qcgs. The existence of a right adjoint in general follows as both MS4" and MS are
Zariski sheaves. (]

Corollary 6.2. The inclusion MS%1 C Mody,, (MSs) admits a right adjoint.

Proof. Since the forgetful functor Mody , (MSg) — MSg preserves and reflects colimits, the existence of
a right adjoint follows from Propos1t10n. O

Definition 6.3. We write )
(—)": Mody,, (MSs) — MS§

for the right adjoint to the canonical inclusion and call it A'-colocalization.
We begin by listing primary examples of 1,1-modules.

Example 6.4 (Localizing invariants). Let F be a spectrum-valued localizing invariant of Z-linear stable
oo-categories (which we do not require to be finitary, as in [LT19] Definition 1.2]). Let S be a qcgs
derived scheme and let Es denote the motivic spectrum over S representing F, as defined in [AI23]
Remark 5.2.4]. Note that Eg is canonically a module over Kg = KGL in MSg by the universality of
K-theory as a localizing invariant proved in [BGT13|]. Then:

(i) If S is regular noetherian, then Fg is an 1,:-module.

(ii) If E is truncating, then Eg is an 14:1-module.

Indeed, (i) follows from the fact that K-theory is Al-invariant for regular noetherian schemes [TT90,
Proposition 6.8], and (ii) follows from the fact that every truncating localizing invariant satisfies cdh-
descent on classical qcgs schemes |[LT19, Theorem A.2] and that the cdh-sheafification of K-theory on
classical qeqs schemes is homotopy invariant K-theory [KST17, Theorem 6.3}@

Next we would like to discuss examples of 141-modules arising from “motivic filtrations” of localizing
invariants. We first give a general recipe for constructing motivic spectra out of filtered spectra.

Construction 6.5 (Motivic filtrations and Bott elements). Let S be a derived scheme and set € =
Pnis(Smg, Sp) for notational simplicity. Write

Fil(€) = Fun((Z,<)°?,€) and SSeq(C) = Fun(Fin~, €).
The symmetric monoidal functors Fin™ — N — (Z, <)°P induce lax symmetric monoidal functors
Fil(C) — e — SSeq(@),

associating to any filtered object a symmetric sequence. Let P! denote the object X°°(P!, 00) € € and
let F*P! be the filtered object with F>!'P! = 0 and F<!'P! = P!, The associated symmetric sequence is
(P, PL,0,0,...). Note that:
e A commutative Sym(F*P!)-algebra in Fil(€) is a commutative algebra F*A in Fil(€) with an
element ¢: X°P! — F1A,
e A commutative Sym(P',P!,0,...)-algebra in SSeq(C) is a commutative algebra A in Spi*(€)
with an element 3: P! — A(2).
Let F*E € CAlg(Fil(C)). Given a map c: X*°Pic — FL1E, we say that F*E satisfies the projective bundle
formula (with respect to c¢) if for every n € Z, r > 1, and X € Smg, the map
> e(o)': P FTE(X) —» FTE(PY)
i=0 i=0
is an isomorphism. The case r = 1 implies that the lax P!-spectrum e defined by (F*E, ¢|p1) is strict, so
that (e, c) is an oriented object in CAlg(Spp:1(C)). It then follows from [AI23] Lemma 3.3.5] that e also
satisfies elementary blowup excision, so that e € CAlg(MSg). Similarly, the lax symmetric monoidal
functor Fil(€) — SSeq(C) sends any F* E-module satisfying the projective bundle formula (with respect
to ¢) to an e-module in MSg. In particular, this functor sends the cofiber sequence of F* E-modules

F*Y'E - F*E — g E

3There is no need for the finite-dimensional noetherian assumption in loc. cit. since K-theory is finitary.
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to the cofiber sequence of e-modules
Spie Bie e /8,
and it sends the span of filtered E,.-rings

F~E+ F'E — g1, E,
where F~°FE = colim,,_,_~, F"F, to a span of motivic E..-ring spectra

e[~ e —e/B.
Note that e represents F*E in the sense that Qpi™"e ~ F"E for all n € Z, and that the maps Frtlp

F"E correspond to multiplication by the Bott element 3 € e=1(S). The motivic Eo.-ring spectra e[3~}]
and e/ represent F'~°FE and gri-E in the same sense.

Remark 6.6. The motivic spectrum e € CAlg(MSg) alone does not contain the data of the Z-graded
Eoo-ring structure on (Qp7” "e)nez ~ (F"E)nez; it only remembers the S-graded Eo.-ring (hence the
Z-graded E;-ring). However, we can apply the construction to the filtered Ey-F*E-algebra F***FE in
Fil(C), which yields an E-e-algebra structure on the filtered motivic spectrum (X5, e, 3). In particular,
we have a Z-graded E.-e-algebra structure on (Xp€)ncz and, as a special case, a Z-graded Eo-e/f-
algebra structure on (X3.e/8)nez.

We will apply Construction to the motivic filtration of p-complete topological cyclic homology
F*TC, defined by Bhatt, Morrow, and Scholze [BMS19, Theorem 1.12] (see [AMMN22 Construction
5.33] for the extension to general p-complete animated rings). We will regard F*TC, as an étale sheaf
of p-complete spectra on all derived schemes by precomposing with the p-completion functor. We also
consider the motivic filtrations of TP, TC,, and THH,, as defined in general in [BL22| Section 6.2]. To
formulate the projective bundle formula in these examples, recall that TC,/F!'TC, ~ Z,, so that there
is a unique lift

Sepic 55 K —T s T,

FITC,,
where Tr is the cyclotomic trace.

Proposition 6.7. Let S be a derived scheme. Then F*TC, satisfies the projective bundle formula over
S, i.e., the map

> e(0(1)' s @ FFITC,(S) = F*TC,(Ps)

i=0 i=0
is an isomorphism for every r > 0. Moreover, the B -F*TCyp-algebras F*TP,, F*TC,, F*THH, also
satisfy the projective bundle formula over S.

Proof. As explained in [AMMN?22, Construction 5.33], the filtration F*TC, is complete on all animated
rings (in fact, F"TC, is (n — 1)-connective). By Zariski descent, it follows that the filtration F*TC,, is
complete on all derived schemes. Hence, it suffices to show that the associated graded algebra grzTC,
satisfies the projective bundle formula. The same reduction applies to F*TP,,, F*TC,, and F*THH,, as
these filtrations are complete by [BL22, Corollary 6.2.15]. The associated graded algebras are respectively
syntomic cohomology, Nygaard-completed prismatic cohomology, the Nygaard filtration thereon, and its
associated graded. The desired projective bundle formulas are then proved in [BL22| Lemma 9.1.4] with
respect to the syntomic first Chern class ¢*" defined in op. cit. To conclude, we need to compare ¢"
with the map c¢: ¥°*°Pic — grhTC, = Z;y“(l)[2] induced by the cyclotomic trace. More precisely, to
deduce that the projective bundle formulas also hold with respect to ¢, it will suffice to show that ¢"
and c differ by some automorphism of gri.TC,. By [BL22, Theorem 7.5.6], the first Chern class ¢}’
exhibits gri TC,, as the p-completion of Pic. On the other hand, the map ¢ factors as

SoPic 1755 Ky —2 FITC,

can ldct J{

and the lower horizontal map induces an isomorphism after p-completion by [BMS19, Proposition 7.17]
(this proposition establishes the claim on quasiregular semiperfectoid rings, but it then automatically
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holds on p-quasisyntomic rings by p-quasisyntomic descent, and hence on all animated rings as both
sides are left Kan extended from smooth Z-algebras). O

Using Construction we therefore obtain a motivic Eo-ring spectrum tc, over any derived scheme
S representing the filtration F*TC,, together with a diagram of motivic E.-ring spectra over S

tep
(*)[5‘1‘/ \—)‘/5
TC,

HZ™.

Here, HZ}™ is the motivic Eoc-ring spectrum representing the syntomic cohomology of p-adic formal

schemes. In the same way, the motivic filtrations on TP,, TC
Eoo-tc,-algebras in MSg

»» and THH;, give morphisms of motivic

tp, < tc, — thhy,.

Remark 6.8. The motivic filtrations on TC, and THH,, are nonnegative and hence trivially exhaustive,
so that tc,[37!] and thh,[37!] represent TC, and THH,, respectively. On the other hand, the filtrations
on TC, and TP, are exhaustive on QSyn [BMSI9, Theorem 1.12] but not in general, so that tc, [3!]

and tp,[6'] do not always represent TC, and TP,

Remark 6.9. It is expected that Example can be refined to motivic filtrations of localizing invariants;
in particular, tc, should be a 141-module over any p-complete regular noetherian scheme. We will prove
this conjecture over Dedekind domains (Corollary [6.15]).

Let us consider the motivic filtration of algebraic K-theory F*K as a Nisnevich sheaf of spectra on
smooth schemes over Dedekind domains, obtained by the Al-local slice filtration of the motivic Eoo-ring
spectrum KGL:

F'"K = Qp1 f KGL ~ Qpi¥p kgl
In particular, F*K is canonically E..-multiplicative by [BH21l, Section 13.4].

For a commutative ring A, let QSyn, denote the category of A-algebras that are p-quasisyntomic
in the absolute sense [BL22, Definition C.6]. Recall also the p-quasisyntomic topology on QSyn, from
[BL22| Definition C.9].

Lemma 6.10. Let D be a Dedekind domain and let n € Z. Then the p-completed left Kan extension of
F"K from smooth D-algebras to QSynp is p-quasisyntomic-locally 2n-connective.

Proof. It follows from [Bac22, Example 1.3] and [Spil8 Theorem 7.18 and Corollary 5.22] that the nth
graded piece grizK is isomorphic to the weight n motivic complex Z(n)[2n], which is by definition the
Zariski sheafification of Bloch’s cycle complex (and is zero for n < 0). In [Gei04], Geisser identified the
étale sheafification of the p-completed motivic complex Z,(n) on smooth D-schemes with Sato’s p-adic
étale Tate twist T,(n) [Sat07, (1.3.3)]. More precisely, [Gei04, Corollary 4.4 and Theorem 1.3] provide
a comparison map Z,(n) — ¥,(n), and [Gei04, Theorem 1.2(4) and Theorem 1.3] imply that it exhibits
Tp(n) as the étale sheafification of Z,(n). By [BM23, Theorem 5.8], ¥,(n) is in turn isomorphic to
the syntomic complex RI'sy,(—,Zy(n)) of Bhatt and Lurie [BL22| Section 8.4]. The latter presheaf on
QSynp, is p-completely left Kan extended from smooth D-algebras by [BL22, Proposition 8.4.10] and
it is p-quasisyntomic-locally connective by [BS22, Theorem 14.1]. Therefore, the p-completed left Kan
extension of gr'’K from smooth D-algebras to QSynp is p-quasisyntomic-locally 2n-connective.

On the other hand, we claim that F"K is Zariski-locally n-connective on Smp. By [Bac22, Theorem
1.1(1)], the Al-invariant motivic spectrum f,KGL is very n-effective and hence n-connective in the
homotopy t-structure. Since the latter is complete [SS16, Corollary 3.8], the motivic filtration F*K is
also complete. By [Gei04] Corollary 4.4], grnK ~ Z(n)[2n] is n-connective. The Postnikov completeness
of the Zariski oco-topos now implies that F"K = lim; F"K/F"tK is n-connective. Hence, the left
Kan extension of F"K from smooth D-algebras to QSynp is Zariski-locally, and thus p-quasisyntomic-
locally, n-connective. Now we can formally conclude that its p-completion is p-quasisyntomic-locally
2n-connective by Lemma, below. O

Lemma 6.11. Let C be a stable co-category equipped with a t-structure. Suppose that there is a fiber
sequence

f7z+1 — fn — zn
for each n > 0. Assume that 2™ is 2n-connective and that f™ is @(n)-connective for some function ¢
with sup,,>q ¢(n) = oo. Then f" is 2n-connective.
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Proof. The goal is to show that (f™)<2, = 0. Fixn > 0 and let m > n. Since the truncation (—)<2,: € —
C.ap is a left adjoint, the sequence

(fm+1)<2n — (fm><2n — (Zm)<2n =0

is a cofiber sequence in C.q,. By induction on m, it suffices to find m > n such that (f™)<2, = 0, but
this holds if p(m) > 2n. O

The following result originally came out of discussions between Dustin Clausen, Akhil Mathew, and
the third author, and our proof here follows the same line of thought.

Proposition 6.12 (Filtered cyclotomic trace). Let D be a Dedekind domain. Then the cyclotomic
trace K — TC, on smooth D-schemes lifts uniquely to a morphism of E.-multiplicative filtrations
F*K — F*TC,.

Proof. Recall that TC, on QSynp, is p-completely left Kan extended from smooth D-algebras and that

the motivic filtration of TC, on QSynp is the double-speed p-quasisyntomic-local Postnikov filtration
by definition and by [BS22] Theorem 14.1]. Hence, we obtain the desired lift by Lemma O

We say that a morphism of derived schemes Y — X is p-completely smooth if the induced morphism
Y/p — X/p is smooth.

Corollary 6.13. Let S be p-completely smooth over a Dedekind domain. Then the cyclotomic trace on
Smg is refined by a morphism of motivic Eo-ring spectra kgl — tc, in MSg.

Proof. The construction will be natural in S, so that we can assume S affine. If u: Sr/'\ — S is the
p-completion of S, then tc, >~ u,(tc,) by definition. We may therefore assume that .S is p-complete. Let
f+ S — Spec(D) be a p-completely smooth morphism, where D is a Dedekind domain. Then S is the
p-completion of a smooth affine D-scheme S’ [AMM22, Remark 5.13]. The morphism S — S’ is regular
by [Stacks, Tags 07PX and 0AH2|, so that f is pro-smooth by Popescu’s theorem [Stacks, Tag 07GC].
Since the slice filtration and the inclusion MS*' < MS are compatible with pro-smooth base change we
have kglg ~ f*(kglp) in MSg. Applying Construction E to the filtered E,.,-map of Proposition
we obtain a morphism of motivic E-ring spectra kgl — tc, in MSp. The desired morphism in MSS
is then the composite

kglg ~ f*(kglp) — f*(tcp) — tep. O

Remark 6.14. There is an integral refinement of the motivic filtration of topological cyclic homology
due to Bouis [Bou24]. This gives an integral motivic E..-ring spectrum tc such that the cyclotomic trace
induces a morphism of E..-ring spectra kgl — tc over Dedekind domains.

Corollary 6.15. Let S be p-completely smooth over a Dedekind domain. Then the motivic spectrum tcy,
is an Eoo-141-algebra in MSg.

Proof. This follows from Corollary as kgl is Al-invariant by definition. O

Example 6.16 (Syntomic cohomology and étale motivic cohomology). By Corollary the syntomic
cohomology spectrum HZY™ = tc,/f is an Eo-11-algebra in MSg if S is p-completely smooth over a
Dedekind domain. Note that this spectrum represents the syntomic cohomology of p-adic formal schemes,
not the syntomic cohomology of schemes. To clarify, let HZ?} denote the motivic E,.-ring spectrum over
a derived scheme S representing the syntomic cohomology of smooth S-schemes (obtained by applying
Construction to the Z-graded Eoc-algebra RIgyn(—,Zp(*))[2%] from [BL22, Section 8.4]). As we
recalled in the proof of Lemma HZ;')t is stable under arbitrary base change as a p-complete motivic
spectrum, and over Dedekind domains it is the (degreewise) étale sheafification of the p-adic motivic
cohomology spectrum HZ,, which explains the notation. In particular, HZf,t is an Eo.-HZy-algebra
and hence an E..-141-algebra over Dedekind domains. In general, the p-complete motivic spectrum
HZ;yn coincides with i*i*HZf,t, where i denotes the inclusion of the p-adic formal scheme S}f into S and
MSSQ = lim, MSg/,». Later we will also define an integral étale motivic cohomology spectrum HZ
over any base, which is an E..-1,:1-algebra over Dedekind domains (see Example 77?).

Example 6.17 (Prismatic and crystalline cohomology). Syntomic cohomology is practically initial
among other important p-adic étale cohomology theories, which are thus also 14:1-modules over Dedekind
domains. Let us take prismatic cohomology as an example [BS22, [BL.22, [AKN23|. Let HZ, denote the
motivic Eo-ring spectrum representing absolute prismatic cohomology. It is defined over any derived
scheme and is an E.-algebra over the syntomic cohomology spectrum HZ;}’“H In particular, HZ,, is an

4This Ec-algebra structure exists before the Nygaard completion thanks to [AKN23| Proposition 7.12].
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Eoo-141-algebra in MSg if S is p-completely smooth over a Dedekind domain. If (A, I) is a prism, relative
prismatic cohomology RT' (—/A) is represented by a motivic spectrum HA over any A/I-scheme S. Tt
is an E-algebra over HZ,, and thus over 1,1 if S is p-completely smooth over a Dedekind domain.
Taking the crystalline prism (W (k), (p)) for a perfect field k of characteristic p, we see that the motivic
spectrum HW (k)*¥® = HW (k) representing crystalline cohomology is an E..-1,:-algebra over k.

Example 6.18 (Rational orientable ring spectra). Let S be a regular noetherian scheme. As we will see
later in Proposition every Q-linear orientable object in CAlg(hMSg) is canonically a 14:-module,
and every Q-linear orientable E,-algebra in MSg is canonically an E-1,:-algebra.

With these numerous examples of 1,1-modules in mind, we now investigate the A'-colocalization of
1,4:-modules.

Lemma 6.19. Let C be a symmetric monoidal co-category in which every object is dualizable. Let
F: D — D be a C-linear functor between oco-categories tensored over C. Then a left or right adjoint of
F is C-linear if it exists.

Proof. Suppose that F' admits a right adjoint G. Then G is lax C-linear and thus we have a natural
transformation x ® G(—) — G(z ® —) for every x € C. It suffices to show that the induced map
Map(y, xz ® G(z)) = Map(y, G(z ® 2))

is an isomorphism for every y € D and z € D’, but this follows straightforwardly from the dualizability
of x € € and the C-linearity of F'. The case of a left adjoint is proved in the same way. (I

Lemma 6.20. The adjoint functors

L1
Mody,, (MSs) & MS}§
()7
are all MSE*™ -linear, where MSE'! is the full subcategory of MSg spanned by dualizable objects.
Proof. Apply Lemma to C = MS‘;ual and note that the Al-localization L1 is MSg-linear. O

Proposition 6.21. Let E be a 1,1-module in MSg and let A € MSgwual be a dualizable motivic spectrum.
Then the counit EY — E induces an isomorphism of spectra

EY(A) ~ E(A).
This holds in particular if A = Thx(§) for some smooth projective S-scheme X and some & € K(X).

Proof. Tt follows from the MSElinearity of the inclusion MS% < Mody,, (MSs) (Lemma that
AR 1y ~ LA
Then we see that
E'(A) = map(A4, E) ~ map(Ls: 4, EY)

~map; , (La1 4, E)

~mapy , (A® 1, E)

~map(A, E) = E(A),
where map, | (—, —) denotes the spectrum of 1,:-linear maps. Finally, Thx (§) is dualizable in MSg by
Corollary O

Informally, Proposition says that Al-colocalization is a universal machinery that converts a 141-
module into some Al-invariant cohomology theory without changing its values on smooth projective
schemes. The following is how it is calculated in practice; the conclusion is Proposition [6.25

Construction 6.22. Let (" denote the poset of subsets of {1,...,n}. Let X be a smooth projective
S-scheme and 90X a relative strict normal crossings divisor on X with smooth components 0, X, ..., 0, X.
Consider the n-cube [0™°P — Smg sending [ to the intersection 9; X of all 9; X with ¢ € I. This induces
an n-cube

amer — FUH(MSX, MSS), I— f[ui?,
where iy denotes the closed immersion 9; X < X and f; the structure map 9; X — S. Then, for each
¢ € K(X), we define the n-cube Th(x gx)(§) in MSs by

Thx.ax)(€): O" = MSg, I (fryi}S 5% 1x)Y.
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Remark 6.23. Under Atiyah duality, the cube Th(x gx)(&) sends @ — I to the {-twisted Gysin map
ThX (5) - ThSIX(§ + Ni[)‘
The cube itself should be given by “coherent Gysin maps”, but we will not need such a description.

Lemma 6.24. Let X be a smooth projective S-scheme, 0X a relative strict normal crossings divisor on
X, and £ € K(X). Then there is a canonical morphism

Thx_ax(§) = Thx,ax)(&)
in MSg that exhibits Lyr Thx _px (§) as the total fiber of the cube Ly Thx 5x)(§).

Proof. By definition, the total fiber of Th(x sx)(£) is the fiber of
v
Thy(—€ — Qx)" — ( colim  Tha, x (—¢ — QX)) .
IeOr—{@&}

On the other hand, by Zariski descent, we have an isomorphism

Thy-ax(§) ~ IeDliIEl{g} Thx_g,x(§).

Hence, it suffices to construct a pairing in MSg
Thy/(x-2)(§) ® Thz(=§ — Qx) — 15

that is (bivariantly) natural in the smooth closed subscheme Z C X and becomes a perfect pairing after
Al-localization. We define it as the composition

Thx/x-2)(§) ® Thz(—= — Qx) =~ Thx xz/(x-2)xz(§ B (=€ — Qx))
— Thyxxz/(xxz—s(2))( B (=§ — Qx))
— Thxxx/(xxx—sx) (B (=§ —Qx))
— Thx(—Qx +N5) ~ X4 — 1g,
where the first map collapses the complement of §(Z), the second map is induced by the closed immersion
X X Z < X x X, and the third map is the Gysin map with respect to the diagonal §: X < X x X (cf.

Construction [3.1]). This pairing is obviously natural in Z, as the first two maps are and the third one
does not depend on Z. Using Theorem ii), we can identify this pairing with

®id

Thx/(x 2 () ® Thz(—¢ — Qx) 2% Thy (€ + Nz) © Thy(—€ — Qx) 1s.

The second map is a perfect pairing in MSg by Atiyah duality (Corollary , and the first map
becomes an isomorphism after A'-localization, by the Morel-Voevodsky purity theorem [MV99, Section 3,
Theorem 2.23]. O

eVZ,E+ Ny

Proposition 6.25. Let E be a 141-module in MSg and U a smooth S-scheme. Suppose that there is an
open immersion U — X of S-schemes such that X is smooth projective and 0X = X — U 1is a relative
strict normal crossings divisor. Then for every £ € K(X), there is a canonical isomorphism

ET(Thy (€)) ~ teofib B(Thy ax)(€)),
where tcofib denotes the total cofiber.

Proof. Under Proposition this is the A'-equivalence of Lemma applied to the Al-invariant
motivic spectrum Et. O

Remark 6.26. The right hand side of the isomorphism in Proposition [6.25| can be regarded as the
“logarithmic E-cohomology” of the logarithmic pair (X,0X). Hence, the proposition says that ET of
a smooth S-scheme U is calculated as the logarithmic E-cohomology of a good compactification, if it
exists. On the other hand, it implies that the logarithmic E-cohomology does not depend on the choice
of compactification.

Let us take crystalline cohomology as an example. Consider the crystalline cohomology spectrum
HW (k)Y over a perfect field k, which is an E.-14:1-algebra in MS; by Example Then its A'-
colocalization gives an integral refinement of Berthelot’s rigid cohomology [Ber86]. More precisely:

Proposition 6.27 (Al-colocalized crystalline cohomology). Let k be a perfect field of characteristic
p > 0.

(i) The motivic spectrum HW (k)Y>T[1/p] represents Berthelot’s rigid cohomology.
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(ii) For a smooth k-scheme U, suppose that there is a smooth projective compactification X such that
0X = X — U is a strict normal crossings divisor. Then there is a W (k)-linear isomorphism

HW (k)1 (U) = Rl arys (X, 0X) /W (K)),

where the right hand side is logarithmic crystalline cohomology in the sense of Kato [Kat89]; in
particular, the latter does not depend on the choice of compactification if one exists.

Proof. (i) Let HW (k)& denote the motivic spectrum over k representing rigid cohomology. Then there
is a morphism of motivic spectra over k

(6.28) HW (k)" — HW (k)51 /p],

that induces an isomorphism on X377" X, for every smooth projective k-scheme X and n € Z. One
way to construct such a morphism is to use the overconvergent de Rham-Witt complex [DLZII]: it
is a differential graded subalgebra W1Q_ /i of the de Rham—Witt complex WQ_ ., which is rationally
isomorphic to rigid cohomology. Hence, the inclusion WTQ_ /k — WS, rationally induces .

By [LYZR19, Proposition B.1], the co-category MS%1 [1/p] is generated under colimits and P!-desuspen-
sions by smooth projective k-schemes. Combining this with Proposition we see that induces
an isomorphism after A'-colocalization. Since rigid cohomology is Al-invariant, A'-colocalization does
not change HW (k)& and thus we obtain

HW (k)& =~ (HW (k)*¥*[1/p])" > HW (k) T[1/p].

The second isomorphism holds as both sides have the same values on smooth projective k-schemes; see
also Corollary below.

(ii) By Proposition (and the fact that HW (k)Y® is oriented), the assertion is equivalent to an
isomorphism

(6.29) Rl erys (X, 0X)/W (k) = teofiby HW (k)™ ((S5 01X 1)Y),

where d = dim(X). Since crystalline cohomology satisfies the Kiinneth formula [BL22, Remark 4.1.8],
the functor
HW (k)¥*(—): MS,» — Modw ()(Sp)

is the unique symmetric monoidal limit-preserving extension of Rl cyys(—/W (k)): Sm}” — Modyy (1) (Sp),
and it sends Yp11 to W(k)[—2]. Hence, the right-hand side of is a dualizable W (k)-module with
dual given by the total fiber tfib; RT¢c,ys(9rX/W (k))[2d]. By Poincaré duality for logarithmic crystalline
cohomology [Tsu99], the left-hand side of is also dualizable with dual given by the logarithmic
crystalline cohomology of (X, 0X) with compact supports RTorys (X, 0X)/W (k))[2d]. Thus, it suffices
to produce an isomorphism

Rl crys, e (X, 0X) /W (k)) ~ tfib; RT¢yys (01 X/ W (k)),
and this is done in [NS08, (2.11.9.1)]. O

Remark 6.30. The quest for such an integral refinement of rigid cohomology has been a topic of interest
in the recent literature. Ertl, Shiho, and Sprang [ESS23|] constructed an integral p-adic cohomology
theory under the assumption of resolution of singularities, which coincides with A'-colocalized crystalline
cohomology by Proposition ii). Merici [Mer24] constructed such a theory without resolution of
singularities, and we expect that it coincides with A'-colocalized crystalline cohomology, but we do not
pursue the comparison here; under resolution of singularities, it does, as he compared his theory with
Ertl-Shiho—Sprang’s.

After inverting the characteristic exponent, we have better control of A'-colocalization.

Proposition 6.31. Let k be a field of characteristic exponent e. Then the lax symmetric monoidal
inclusion )
MS; [1/€] = Mody,, (MSg)[1/€]

is strict symmetric monoidal and preserves compact objects.

Proof. By definition, the inclusion carries the unit to the unit. Recall that MS‘gl[l /e] is generated
under colimits and P!-desuspensions by smooth projective k-schemes, by [LYZRI9, Proposition B.1]
(supplemented with [EK19, Corollary 2.1.7] and [Susl7, Lemma 1.12] if k is not perfect). Hence, to
prove that the inclusion is symmetric monoidal, it suffices to show that

(LAlzﬁﬁX.’_) ®1A1 (LA12§?Y+) ~ LAIEE?(X X Y)+
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for smooth projective k-schemes X and Y, but this follows from Corollary and Lemma Similarly,
to prove that the inclusion preserves compact objects, it suffices to show that L1 ¥p7 X is compact in
Mody,, (MSy) for every smooth projective k-scheme X, which also follows from Lemma O

Corollary 6.32. Let k be a field of characteristic exponent e. Then the A'-colocalization functor
1
(—)T: Mody ,, (MSg)[1/e] — MS;? [1/€]
is lax symmetric monoidal and preserves colimits.

Proof. This is a formal consequence of Proposition [6.31] O

Remark 6.33. If k is perfect and satisfies resolution of singularities, the inversion of the characteristic
exponent is unnecessary in Proposition and Corollary by [Rio05, Théoréme 1.4].

Over F,, crystalline cohomology arises as the graded pieces of the motivic filtration of p-complete
topological periodic cyclic homology as established by Bhatt, Morrow, and Scholze [BMS19, Theorem
1.12(4)]. Through A!-colocalization, we see that rigid cohomology arises from a motivic filtration by the
same principle:

Proposition 6.34. A'-colocalizing the motivic filtration of TP, gives an exhaustive Eo,-multiplicative
filtration F*TPL[l/p] in étale sheaves of spectra over Smy, such that the graded piece gr}TP;[l/p] is
isomorphic to rigid cohomology RT vig(—/Zy)[2n].

Proof. The motivic filtration of TP, gives a diagram of motivic E.-ring spectra over F,

tpp
(*)[ﬂ‘l/ &/ﬁ

TP, HZG®,

as well as an [Eo-tp,-algebra structure on the filtration (X5 tp,, B) (see Remark . Moreover, tp,, is
an E,.-141-algebra by Corollary so we can apply A'-colocalization. If we apply (—)7[1/p] to this
diagram, then:

e It remains a diagram of motivic E..-ring spectra, as (—)7[1/p] is lax symmetric monoidal by
Corollary

e It becomes a diagram of étale motivic spectra by |[CD19L Theorem 14.3.4].

e HZ7™* becomes the rigid cohomology spectrum HQ]’”Dig by Proposition

e The right leg remains the quotient by 3, as (=)' commutes with P!-suspensions by Lemma |6.20)

e The left leg remains the inversion of 3, as (—)[1/p] preserves filtered colimits by Corollary [6.32

Therefore, the sequence

3 B B, sin— b
~ = STpb[L/p] = Shtpf[L/p] = SE el [1/p) = -

is an E..-multiplicative, exhaustive, and étale-local filtration of the motivic spectrum TP;[l /p], whose
nth graded piece is X3, HQgg. Taking Q27 gives the desired filtration. (|

Remark 6.35. Let k be a field of characteristic exponent e. By the proof of [Rob15, Corollary 4.12],
every Al-invariant KGL[1/e]-module in MSy, has a canonical extension to a finitary localizing invariant
of k-linear stable oco-categories. In particular, TPL[l /p] extends to a localizing invariant of Fp-linear
stable co-categories. However, we do not know an a priori definition of such a localizing invariant.

Remark 6.36. Presumably, A'-colocalization should also recover existing logarithmic cohomology theo-
ries in mixed characteristic. Let K be a p-adic field and Ok the ring of integers in K. Let us consider the
Al-colocalization of the 14:-module HZ3™ in MSp,. representing the syntomic cohomology of smooth
O k-schemes (see Example . For a smooth proper K-scheme X, suppose that there is a semi-stable
model X of X over O. Then we expect that there is an isomorphism

(Ep HZ;ymT)(X) >~ Rlsyn (X, Zp(n))[2n],

where the right hand side is the weight n logarithmic syntomic cohomology of X. In particular, the
motivic spectrum j*(HZ;y“"L), where j denotes the open embedding Spec(K) < Spec(Ok), should give
an integral refinement of Nekovai—Niziol’s arithmetic syntomic cohomology over K defined in [NN16].
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7. ALGEBRAIC COBORDISM VIA (GRASSMANNIANS

We show that the motivic spectrum MGL € MSg is a colimit of Thom spectra of Grassmannians as
in Al-homotopy theory, supplying the details to [AHI24, Remark 7.7].
We denote by

SSeq(€) = Fun(Fin™, @)

the oco-category of symmetric sequences in a symmetric monoidal oco-category C, which is a symmetric
monoidal co-category under Day convolution.

Recall that the symmetric monoidal co-category MSs = Spp1 (Pnis,ebu(Smg, Sp)) is a left Bousfield
localization of the symmetric monoidal co-category Spllpalx(:PNiS’ebu(SmS, Sp)) of lax symmetric P*-spectra,
which are by definition modules in SSeq(Pnis,ebu(Sms, Sp)) over the free commutative algebra generated
by the symmetric sequence (0,P!,0,0,...) [AI23, Definition 1.3.4].

Construction 7.1. We construct a functor
MGr: (Vect®(S)0)% — CAlg(MSs) nicr, € — MGr(€).
Given a finite locally free sheaf € on S, there is a lax symmetric monoidal functor
Fin™ — (Smg) /veet, I+ Grm(EI).

Indeed, it is a subfunctor of I — Gr(€7), which is the composition of the lax symmetric monoidal functors
I+ & and € — Gr(€). As everything is natural in &, this defines a functor

Vect®P () — CAlg(SSeq((Sms) jvect)), € = (I Gry(€1)).

This functor sends O to I +— (S, 07), which is the free commutative algebra generated by the symmetric
sequence (&, (S,0),d,d,...). Passing to slice categories, we thus get a functor

(Vect®Pi(S) /0)°P — CAlg(Spl(%’fO)((Sms) IVect))-

Composing with the Thom space functor Th: (Smg) /vect — Pebu(Sms)«, which is symmetric monoidal
[AT124, Section 3] and sends (S, O) to P!, we obtain the functor

MGr: (Vect™(S),0)°" — CAlg(SpEX(Pebu(Smg).)) — CAlg(MSg).

To see that this construction comes with a natural E,.-map to MGL, we observe that the symmetric
sequence I — Gr|;/(€7) maps to the sequence I — Vect|; in CAlg(SSeq(P(Sms) /vect)) (which factors
through Fin™ — N), which maps further to I — K7 in CAlg(SSeq(P(Sms),/k)). We then use the
extension of the Thom space functor to K-theory: there is a commutative square of symmetric monoidal
oo-categories

T(SmS)/Vect T4h> TNis,ebu(SmS)*
UD(SIHS)/K Lh> Sp]Pl (?Nis,ebu(smS)*)a

inducing a commutative square

CAlg(Sp(5 o) (P(Sms) jveer)) —— CAlg(Spp: (Pnis,ebu(Sms).))

l [

CAlg(Sp(5 o) (P(Sms) k) — = CAlg(Spp: (Spp: (Pnis.cbu (Sms).)))-

The right vertical map is now an isomorphism, since Spp: is idempotent, and its inverse sends a P!-
spectrum (in P'-spectra) to its @th term. The sequence I — K, in CAlg(Spl(Z’fo)(T(SmS)/K)) is
therefore sent to Th(K;x—o — K) = MGL in the upper right corner.

Proposition 7.2 (Grassmannian model for MGL). Let € be a finite locally free sheaf on S with an
epimorphism & — O. Then the Eo,-map

colimMGr(&™) — MGL

n— oo

is an isomorphism in MSg.
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Proof. Let o: MGr(£°°) — MGL be this map. Forgetting the E..-ring structure, MGr(€°°) is the colimit
of the Thom spectra ¥5,"Thg,, (e-)(Tn), where T, is the tautological sheaf, and MGL is similarly the
colimit of the Thom spectra X5,"Thyecs, (Uy), where U, is the universal sheaf [AHI24, Proposition 7.1].
One then obtains ¢ by applying the Thom spectrum functor to the forgetful map

Gr, (E*°) — Vect,.

This map becomes an isomorphism in MSg by [AHI24, Theorem 5.3]. Using the Thom isomorphism, it
follows that for any oriented ring spectrum E € CAlg(hMSg), the map ¢ induces an isomorphism

©*: Mapyg, (MGL, E) = Mapyg, (MGr(€%), E).
Since the ring spectrum MGr(€°°) is oriented by [AHI24l Remark 6.10], the Yoneda lemma implies that
® is an isomorphism in MSg. O
Remark 7.3.

(i) After Al-localization, the statement of Proposition follows more directly from the fact that
the Thom spectrum functor inverts unstable motivic equivalences [BH21, Remark 16.11]. We do
not know an analogue of this fact in our non-A!-invariant theory, which is purely stable.

(ii) Construction shows that the E,.-structure on L1 MGL constructed by Panin, Pimenov, and
Rondigs in [PPROS|, Section 2.1] is canonically isomorphic to the one constructed by Bachmann
and Hoyois in [BH21| Section 16].

Definition 7.4. Let C be a presentably symmetric monoidal co-category. We denote by 42! @ the
full subcategory of dualizable objects and by C$%¢ C € the full subcategory generated under colimits by
edual Objects of €5 are called lisse, and we denote by

lisse: @ — @lisse
the right adjoint to the inclusion (which exists since €444l is small).

Observation 7.5.

(i) Let € and D be presentably symmetric monoidal co-categories and let F': € — D be a symmetric
monoidal functor with a colimit-preserving right adjoint G. For any X € Cl$%¢ and Y € D, the
canonical map

XRGY)—-GFX)®Y)
is an isomorphism.

(ii) Let C be a stable presentably symmetric monoidal co-category with 1 € €¥. Then the functor
lisse(—) preserves colimits. As a special case of (i), we have a natural isomorphism

X ®lisse(Y) ~ lisse(X @ Y)
for any X € ¢ and Y € C.

Example 7.6. The motivic spectrum KGL € MSg representing algebraic K-theory is lisse. This follows
from the Snaith presentation KGL ~ £2¢Pic[8~!] [AI23, Theorem 5.3.3], the isomorphism X55Pic; ~
YpiPe [AHI24, Theorem 5.3], and the fact that X3P is dualizable.

Corollary 7.7. The motivic spectrum MGL € MSg is lisse.

Proof. Proposition presents MGL as a colimit of Thom spectra of Grassmannians Gr,,, (0™), which
are dualizable by Corollary O

Corollary 7.8 (Homological Conner-Floyd isomorphism). Let S be a qcqs derived scheme. The orien-
tation map MGL — KGL induces an isomorphism of bigraded multiplicative homology theories

MGL,, (=) ®L Z[*] ~ KGL,.(—): MSg — AbZ*Z,

where L — Z[B*Y] classifies the graded formal group law x + y — Bry.

Proof. By the cohomological Conner—Floyd isomorphism [AHI24, Theorem 8.11], the map
MGL**(—) @, Z[3F!] — KGL**(—): MSY — Ab%*%

is an isomorphism on Smg and hence on MS¢. By duality, the map
MGLui(—) @1, Z[BF!] = KCGLyw(—): MSg — AbZXZ,

is an isomorphism on MS$** and hence on MSE*°. As both MGL and KGL are lisse (Corollary [7.7] and
Example , it follows from Observation ii) that this map is an isomorphism on all of MSg. O
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8. MoTIvIC LANDWEBER EXACTNESS

We now prove the Landweber exact functor theorem in our setting, which is entirely similar to its
incarnation in A'-homotopy theory [NS@09] (which is in turn similar to the classical theorem in ordinary
homotopy theory). To guide the reader, we note that the theorem only uses the following three facts
from the theory of non-A'-invariant motivic spectra:

(i) the fact that the MGL-cohomology ring of a scheme carries a formal group law, together with
the computation of the MGL-module MGL ® MGL [AHI24, Proposition 7.9], which implies that
the MGL-homology of any motivic spectrum defines a quasi-coherent sheaf on the stack Mg, of
formal groups;

(ii) the fact that MGL is lisse (Corollary , which implies that MGL-homology is determined on
dualizable motivic spectra;

(iif) the countability of the oo-category MS$"™ of dualizable motivic spectra over Z (Lemma ,

which allows us to use the representability theorem of Adams to produce motivic spectra from
homology theories.

We start with some categorical preliminaries.

Definition 8.1. Let C be a stable compactly generated oco-category. A morphism f: A — B in C is
called phantom if, for every compact object K € € and every map g: K — A, the composite f og
is nullhomotopic. We denote by hC the 1-category whose morphisms are those of h€ modulo phantom
maps.

In other words, h€ is uniquely determined by the factorization
hC — h€ — Fun(€¥°P, Ab), E s [, E],

where the first functor is essentially surjective and full, and the second functor is faithful. Note that the
functor h€ — hC is also conservative, since the above composite is.

Lemma 8.2. Let C be a commutative algebra in stable compactly generated co-categories. For a morphism
f: A— B in CUs° the following are equivalent:
(i) f is phantom in ¢ i e., induces the zero map [—, A] — [—, B]: Cdualkor _ A,
(ii) f induces the zero map [1,A® (=)] — [1, B® (—)]: €lss¢ — Ab.
(iii) f induces the zero map [1,A® (=) = [1,B® (—)]: C — Ab.

Proof. The equivalence of (i) and (ii) follows by duality and the fact that [1, A ® (—)] preserves filtered
colimits. That (ii) implies (iii) follows from Observation ii). O

elisse

Warning 8.3. A phantom map in need not be phantom in €. In the sequel, we consider phantom

maps in MSE™ but never in MSg.
Corollary 8.4. Let C be a commutative algebra in stable compactly generated co-categories. Then:
(i) The symmetric monoidal structure on C1$5¢ descends to hCisse,
(ii) The lax symmetric monoidal functor
elisse _ Fun(C,Ab), E— [1,E® (-)],
factors through helsse,

Proof. To prove (i), we must show that if f is a phantom map and g is any map in €55¢ then f ® g is
phantom. This claim as well as Assertion (ii) follow immediately from the characterization of phantom
maps in Lemma iii). O

Lemma 8.5. Let C and D be commutative algebras in stable compactly generated co-categories and let
F: € — D be a symmetric monoidal functor with a colimit-preserving right adjoint G. Then F' sends
phantom maps in C15%° to phantom maps in DU, and hence induces a functor h@sse — hPlisse,

Proof. If A € €% then G(F(A)® (—)) ~ A® G(—) as functors on D by Observation [7.5(i). The claim
then follows immediately using the characterization of phantom maps from Lemma iii). O

For a cocomplete stable co-category € and a cocomplete abelian category A, we denote by
Fun"™ (€, A) C Fun(C, A)

the full subcategory of homological functors, i.e., functors that preserve filtered colimits, finite products,
and send cofiber sequences to exact sequences. If € and A have symmetric monoidal structures, then
Fun(@, A) is also symmetric monoidal via the Day convolution. While the Day convolution need not
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preserve homological functors, Funhom((t’,A) inherits a structure of co-operad as a full subcategory of a
symmetric monoidal co-category.

If C is presentably symmetric monoidal with 1 € €%, then [1,E ® (—)]: € — Ab is a homological
functor for any E € C. The representability theorem of Adams states that in some cases all homological
functors € — Ab are of this form:

Proposition 8.6 (Adams representability for homology theories). Let C be a commutative algebra in
stable compactly generated oo-categories with CI'® = C¥  and suppose that the latter co-category is
countable. Then the lax symmetric monoidal functor

C — Fun(C,Ab), E—[1,E® (-)],
induces an isomorphism of co-operads
he ~ Fun™™(C, Ab).

Proof. The fact that it induces an isomorphism of categories is a special case of [Hoy23, Corollary 19(2)]
(which is a modern exposition of a classical theorem of Adams [Ada71]; see also [Nee97, Theorem 5.1 and
Proposition 4.11] for another proof). The claim that it is in fact an isomorphism of co-operads means
the following: for any F1,..., E,, E € C, the canonical map

Mapge(Ey © - -+ @ Epn, E) = Map((E1)o(—) ® -+ @ (En)o(—), Eo(—))
is a bijection, where Ep(—) = [1,F ® (—)]. We define an inverse as follows. By duality, a natural
transformation « in the target can be viewed as a morphism of cohomology theories

a: EY(=)® - ® EY (=) — E°(—): dualor _ A},

where E°(—) = [—, E]. Denoting by E0: @°P — Ab the extension of E° that preserves cofiltered limits, we
have an isomorphism Mapye(—, F) ~ E°(—) by [Hoy23, Lemma 17]. Plugging in the objects Ey, ..., E,
into a, we obtain an element

Oé(idEl,. .. ,ldEn) € EO(E1 - ® En) ~ MapE@(El ®--® En, E)
It is straightforward to check that the map a — a(idg,,...,idg, ) is the desired inverse. O

Let now S be a derived scheme. To formulate the Landweber exact functor theorem, we will need
to consider graded homology theories on MSg. To that end, let S be the free E,,-group on one element
(i.e., the sphere spectrum). The invertible object P! in MSg determines a symmetric monoidal functor
¥5:11: S — MSg, which induces a lax symmetric monoidal functor

MSg — Fun"™(MSg, Ab%), E— E.(-) =[Enl, E® ()],
where Ab® and Fun(MSg, Ab®) are equipped with the Day convolution. Of course, the S-graded functor
E,(—) is completely determined by Eo(—), as E. = Egp o Xp".

Remark 8.7. In general, the S-grading on E,(—) does not descend to a Z-grading, as the automorphism
of F5(—) induced by the swap map on P! @ P! is not necessarily the identity. It does however descend
to a Z-grading if E is orientable, by the naturality of the Thom isomorphism.

If S is qcgs, then MSg is compactly generated with 1 € MS¢. Moreover, if f: T'— S is any morphism
of qcgs schemes, then f,: MSp — MSg preserves colimits. Applying Observation [7.5] we obtain the
following commutative squares:

Msgsse Funhom(MSgSSG’AbS) Msgsse _ Funhom(MSs,AbS)
(8.8) j j(_)olisse f*J( J{(—)O.f*
MSg —— Fun"™(MSg, AbS), MSHsse 5 Fun™(MSyp, AbS).

Let Mg, denote the stack of (smooth, 1-dimensional, connected, and commutative) formal groups and
Mg, that of formal groups with trivialized Lie algebra. The stack Mg, is represented (as a presheaf
on classical affine schemes) by the Hopf algebroid (L,LB), where L is the Lazard ring and LB =
Llbo, b1,...]/(bo — 1). The usual grading on (L,LB) defines an action of G,, on Mg, such that Mg, =

Mfg /Gy, Thus, we have a cartesian square of faithfully flat maps

Spec(L) ——— M,

(8.9) l l

Spec(L)/G,, —— Mg
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Remark 8.10. If R is a Z-graded commutative ring, then any G,,-equivariant map Spec(R) — Mg,
factors G,,-equivariantly through Spec(L). Indeed, such a map classifies a graded formal group G =
Spf(A) over R with a trivialization wg ~ R(1). Choosing a lift of 1 € R in A_; defines an isomorphism
of graded R-algebras R[[t]] ~ A, hence a graded formal group law over R.

Construction 8.11. Let S be a qegs derived scheme and let X € MSg. As explained following [AHI24]
Lemma 8.7], the Z-graded abelian group MGL, (X) has a structure of comodule over the Z-graded Hopf
algebroid (L,LB), i.e., it is a quasi-coherent sheaf on M, which we shall denote by MGL¢(X). This
defines a lax symmetric monoidal homological functor

MGLgg: MSg — QCoh(Mg,)".
Accordingly, there is a lax symmetric monoidal functor
®,: QCoh(Mgg)” — Fun™"*(MSg, Ab%),  F > T(Mj,, MGLg(—) ® F).
When J is the pushforward of a graded L-module M, we have
D, (F) ~ MGL,(—) @, M
by the projection formula and base change for the cartesian square . Also, if w € Pic(Myg) is the
pullback of the universal invertible sheaf on BG,,,, then
®,,(F) = I'(Mgg, MGLge (—) @ F @ w®™).
The functor @, is thus determined by @, since MGL, (—) ® w®" = MGL¢, 0 Z]EI”.

Remark 8.12. In the context of Construction [8.11} the unit section 1 € I'(Mg,, MGLgg(1s)) defines a

symmetric monoidal natural transformation
D(ME,, =) — T(M,, MGLgg (15) ® (=) = @+ (—)(1s): QCoh(Mgg)” — Ab”.

For example, evaluating this natural transformation on the structure sheaf of Spec(L)/G,, gives the
graded ring homomorphism L — MGL,(1g) classifying the formal group law of MGL.

Lemma 8.13.
(i) For any F € QCoh(Mg,)", the functor ®.(F): MSs — AbZ factors through the localization
lisse: MSg — MSsse,
(ii) For any morphism of qcgs derived schemes f: T — S, there is a commuting triangle

o. . Fun(MSg, Ab%)

QCoh(M;y)¥ J(—)Of*
C}\* Fun(MSr, Ab%).
Proof. This follows from the fact that MGL is lisse (Corollary and the commutative squares (8.8)). O

Construction 8.14. Consider the co-category Modg, of pairs (X,J) where X is a small presheaf on
classical affine schemes with a map m: X — Mg, and F € QCoh(X)"¥; morphisms are contravariant in X
and covariant in F. It has a symmetric monoidal structure with

(X, %) ® (13, 9) = (X X Mg Y, T 9)7
and there is a lax symmetric monoidal functor
Modss — QCoh(Mge)¥, (X, F) = m.(F).

Let Mod?g C Modg, be the full subcategory consisting of pairs (X, F) such that:

(1) X% =X Xon,, Mg, is affine;

(if) F is flat over My,.
Note that Condition (i) excludes the unit (Mg, O) of Modg,, but both conditions are preserved by binary
tensor products. Thus, Mod?g is a nonunital symmetric monoidal subcategory of Mody,. More generally,
Mod?g inherits the structure of an co-operad as a full subcategory of Mods; (so that we can still talk
about unital algebraic structures).

The subcategory of Mody, satisfying (i) can alternatively be described as the 1-category of triples

(R,G, M), where R is a Z-graded commutative ring, G is a Gy,-equivariant map Spec(R) — Mg,, and
M is a Z-graded R-module. By Remark any such G comes from a graded formal group law over R.
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Lemma 8.15. If (X, F) € Mod?g, then the functor

(X%, 7 (—) ® F): QCoh(Meg)¥ — Mod g (x+)(Ab%)
is exact.

Proof. Let X* = Spec(R) and let M be the graded R-module corresponding to F. Since Mg, has affine
diagonal, we have a cartesian square of the form

Spec(A) SN Spec(L)

ql lp
Spec(R) —— Mg,

where the vertical maps are faithfully flat. Since ¢ is faithfully flat and f is affine, it suffices to show
that the functor f.q*(7*(—) ® M) is exact. We have natural isomorphisms

feq" (7 (=) @ M) = fu(fp" (=) @ ¢"(M)) = p* (=) ® fuq"(M).

The assumption that JF is flat over My, means that f.¢*(M) is a flat L-module. As p is also flat, the
above functor is exact. O

Remark 8.16. Landweber’s theorem [Lurl0), Lecture 16] gives a necessary and sufficient condition for
a pair (X, F) € Mody, to satisfy Condition (ii) of Construction For completeness, we recall it here.
For each prime p, there is a canonical sequence of sections

vy € F(Mén,w@)(pn*l)), n>0

)

starting with vo = p, where Mfzg" C My, is the vanishing locus of the sections vy, . .., v,—1 (which depends
on p). Denote by F=" the restriction of F to X=" = X X My, Mfzgn. Then J is flat over My, if and only
if, for each prime p and each n > 0, the map v, : F=" — F2" @ w®P" 1 is injective.

For a formal group law F over a commutative ring R, we can take v, € R to be the coefficient of z?"
in the p-series of F'. An R-module M is then flat over My, if and only if (vg, vy, ... ) is a regular sequence
for M (for all primes p).

Lemma 8.17. Let S be a qcgs derived scheme. Suppose that S is countable, i.e., admits an open covering
by spectra of animated rings with countable homotopy groups. Then the co-category MSE is countable,
i.e., its anima of objects and all its mapping anima have countable homotopy groups.

Proof. If € is a presentable oco-category and E is a small collection of maps in €, the left Bousfield
localization Lg: € — € can be obtained as follows. For F' € €, choose a surjection from a well-ordered
set to the anima of all pairs (f: X — Y, X — F) with f in the smallest collection containing E and
closed under codiagonals, and let T'F be the transfinite composition of the pushouts along f. Iterate
such a construction to obtain an ordinal sequence

FSTF>ST?F— - .

Then it is clear that LgF' = T*F if E is contained in C*. Suppose now that € is stable, that F is closed
under shifts and contained in €“, and that €% is countable. Then, if F' € € is such that the sets [X, F]
are countable for all X € C“, the above description of LgF immediately shows that [X, LgF] is also
countable for all X € C¥.

We now apply this observation with € = Sp%PiX(T(Smfé?, Sp)). The countability of S implies that Smfsp is
countable. As also Fin™ and Sp* are countable, SSeq((P(SmeI?, Sp))* is countable. If A is a commutative
algebra in a symmetric monoidal compactly generated oco-category, then the oco-category of A-modules
is compactly generated, with compact objects generated under finite colimits and retracts by the free
A-modules A® X with X compact. In our situation, A is the commutative algebra (1,P*, (P1)®2 ...)in
SSeq(iP(Smg’, Sp)), which is a sequential colimit of compact objects. Hence, for any compact symmetric
sequences X and Y, the set [X, A ® Y] is countable. This shows that €“ is countable. Finally, MSg
is a left Bousfield localization of € at a collection of maps between compact objects, so that MS% is
countable. O
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Theorem 8.18 (Motivic Landweber exact functor theorem). For any gcgs derived scheme S, there is a
morphism of co-operads ® making the triangle

hMSsse
-
& lEHE*(—)

Mod}, —— Fun(MSg, Ab®)

commute, which is natural in S and uniquely determined as such. Moreover, ® is a strict nonunital
symmetric monoidal functor.

Proof. The vertical functor is well-defined and lax symmetric monoidal by Corollary and it lands in
the subcategory of lisse-extended homological functors Fun"®™(MS!¥¢  AbS) by the first square in (8.8).
By Lemmas i) and , the restriction of ®, to Mod?g also lands in this subcategory. By Proposi-

tion [8.6] the functor - 4

hMSEse — Fun"o™(MSESe Ab), E — Ey(—),
is an isomorphism of co-operads if MS%‘”‘1 is countable, and this holds if S is countable by Lemma
Hence, for countable S, there is a unique lift ® of ®( (and hence of ®,.) as indicated, which is automatically
a morphism of co-operads. We then obtain such a lift for general S using the commutativity of the second

square in (8.8), Lemma and Lemma ii).

It remains to check that the lax nonunital symmetric monoidal structure of ® is actually strict. Let
(Spec(R1)/Gyyy, M7) and (Spec(Rz2)/ Gy, Ma) be objects of Mod?g. Their tensor product is

(Spec(R) /Gy, My X Ms), where Spec(R) = Spec(Ry) X, Spec(R3).
Let F, Es, and E be the images of these pairs by ®. We must show that the induced map F1 ® Fs — F

in EMSgsse is an isomorphism, and we may assume S countable. In this case, it is by definition the
unique map making the triangle

Er(=) ® Egu(=) — Eu(-)

(E1 ® E2)«(—)

commute, where the horizontal map is the lax monoidal structure of ®,. It will thus suffice to construct
a natural isomorphism (F; ® Fs).(—) >~ F.(—) making the triangle commute.
By Remark we can choose G,-equivariant factorizations of Spec(R;) — Mg, through Spec(L).
They induce isomorphisms E;,(X) ~ MGL,(X) ®, M; and
E.(X)~ (MGL ® MGL).(X) ®Lp (M1 X My),

since (MGL ® MGL).(X) is by definition the pullback of MGL¢(X) to Spec(LB). We then have a

sequence of natural isomorphisms:
(F1 ® E9).(X) ~ E1.(F2 ® X)
~ M; @, MGL,(F>; ® X)
~ M; ®r, B2, (MGL ® X)
~ M; ®, MGL,(MGL ® X) ®1, M>
~ M; ®1, (MGL ® MGL).(X) ®1, M»
~ (MGL ® MGL).(X) ®vLp (M; X M>)
~ F.(X).
The commutativity of the above triangle can be checked using the following claim twice: if FF = ®(M)

for some Z-graded L-module M, then the following square commutes for all X,Y € MSg:
F.(X)®1.(Y) il F.(XQ®Y)

zl lz

M @;, MGL,(X) ® 1,(Y) —2427 4 Af @1 MGL,(X @ Y).

Here, the maps 7 are the evident “assembly maps”. The commutativity of the square on some element
a € 1,(Y) is exactly the naturality of the isomorphism F,(—) ~ M ®;, MGL,(—) with respect to the
map idxy ®a: X5 X - X QY. O
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Remark 8.19. The multiplicative properties of ® can also be stated as follows. If Modlgr denotes the
symmetric monoidal full subcategory of Mody, consisting of Mod?g and the unit (Mg, O), then ® extends

uniquely to a symmetric monoidal functor ®: Mod?éJr — EMS{;SSG.
Example 8.20 (Graded formal group laws).

(i) We recover MGL as a commutative monoid in hMS¥® from (Spec(L)/G,,, 0) € Mod?g.

(ii) A graded formal group law F' over a Z-graded commutative ring R defines a map Spec(R)/G,,, —
Mg over BG,,,. Any Z-graded R-module M that is flat over Mg, then defines an MGL-module
®(R,F, M) in BMSISisse. If moreover R itself is flat over Mg, then ®(R, F, M) is a module over
the commutative MGL-algebra ®(R, F) in hMSEse,

Example 8.21 (Weakly periodic Landweber exact motivic spectra). Any formal group (R, G) classified
by a flat map Spec(R) — Mg, gives a commutative monoid ®(R,G) in hMSE°. These motivic spectra
are weakly periodic in the following sense: if L € Pic(R) is the pullback of the invertible sheaf w, then
P(R,G)y(—) = P(R,G)o(—) ®r P,z L®". For example:
(i) The universal formal group law over L gives the commutative monoid PMGL.
(ii) The multiplicative formal group law over Z gives the commutative monoid KGL (Corollary .
(iii) Let k be a perfect field of positive characteristic and let G be a formal group of finite height over
k. Then G admits a universal deformation G defined over the Lubin-Tate ring LT(G), which is
classified by a flat map Spec LT(G) — Ms,. The resulting commutative monoid E(G) in hMS{E®
is the motivic analogue of the Morava E-theory associated with G.

Remark 8.22. Let F be a graded formal group law over a Z-graded commutative ring R and let M be
a Z-graded R-module that is flat over Mg,. Since the motivic spectrum ®(R, F, M) is an MGL-module
in HMS};SSE, it admits an orientation that is canonical modulo phantom maps.

Remark 8.23. In [NS®09, Proposition 8.9], it is claimed that Landweber exact motivic spectra can be
refined to MGL-modules (in the oco-category of motivic spectra), but the proof is flawed. The mistake
originates in [NS@09, Proposition 7.9], where it is claimed that the homotopy groups of any MGL-module
have a structure of (L, LB)-comodule, following the analogous claim for MU-modules made in [May01],
Lemma 11]. These claims are wrong, since the (L, LB)-comodule structure encodes in essence the descent
data to the sphere spectrum. This invalidates [INS®09, Theorem 9.7] (unless the motivic spectrum F in
loc. cit. is a priori an MGL-module), as well as the main result of [Spil2], which uses this MGL-module
structure in an essential way.

9. OPERATIONS IN ALGEBRAIC K-THEORY AND RATIONAL MOTIVIC COHOMOLOGY

As applications of the motivic Landweber exact functor theorem, we compute the algebra of P!'-stable
operations in algebraic K-theory and we show that rational motivic cohomology is an idempotent algebra
in MSg. These are non-Al-invariant enhancements of some of the results from [Riol0, Section 5.3],
INSO09, Sections 9 and 10], and [CDI19l Section 14.1], and our proofs are essentially the same.

Our first goal is to explicitly describe the endomorphism ring of KGL. We make some preliminary
observations about Hopf algebroids.

Digression 9.1 (Dualizing and extending Hopf algebroids). Let (A,T') be a cocategory object in com-
mutative rings with left unit 7y, right unit ng, counit € and comultiplication A. We denote by T'V the
A-linear of I", viewed as an A-module via 1. Then I'V is an associative algebra in A-bimodules, with
unit ¢¥: A — I'V and multiplication o given by

fog T S Taesl %1, A~T L A

Assume that I' is flat as a left A-module, so that it is a filtered colimitAof dualizable A-modules. If we
equip I'V with the inverse limit topology, we then have (I'®4™)V ~ (I'V)®4"  Dualizing the commutative
algebra structure of T’ (in left A-modules), we obtain a structure of cocommutative coalgebra on I'V (in
left A-modules), whose comultiplication TV — (I'V)®4™ is moreover right A®™-linear. There is a further
compatibility between the algebra and coalgebra structures of I'V, but we do not spell it out.

Let now R be a commutative A-algebra. The data of a cocartesian morphism of cocategory objects

(A,T) - (R,R®4T)

is equivalent to the data of a ring map p: R — R ®4 I that is a right coaction of (A,T") on R: the left
unit, counit, and comultiplication of (R, R ®4 I') are extended from those of (A,T"), and the right unit
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is the coaction p. Dualizing p, we find a left action of I'V on R given by the left A-linear map
MTV@AR—= R, fore f(r):=(idr @ f)(p(r)),

which extends ny: I’V — A. Assuming I" flat over A, this action is continuous (and it intertwines the
algebra structure of R and the coalgebra structure of 'V, but we do not spell this out). Furthermore,
there is then an isomorphism of rings

(9.2) R&4TV = Homy(I,R) = (R@AT)Y
with the following multiplication on R ®4 IT'V:
(R2aTY)®4 (R®ATY) 5 RRATY, (r-fl@(s-g)—r-A(f)(s)og.

In other words, this multiplication is left R-linear and right I'V-linear, and in the middle it is given by

the composition

V@4 R 2L TY BATV AR N TY @ R=R®4TY,
where the subscript ¢ means that the tensor product uses the left A-module structure of I'V. To make
the isomorphism (9.2) more useful, we note that if Ry C R is the equalizer of the left and right units,

then A(f)(s) = s- f for any s € Ry. This means that the isomorphism restricts to a ring map
Ry®4, TV = (R®41)Y,
where the multiplication on the left-hand side is computed componentwise. In particular, the map
IV = (RoaT)Y, fridpof,
is a morphism of associative rings.
We recall the structure of the G,,-stack of multiplicative formal groups with trivialized Lie algebra.
It is presented by the graded Hopf algebroid (Z[*'],T,,) with
I = Z['] @1 LB ®L, Z[3*],

where the ring map L — Z[3*!] classifies the graded formal group law x + y — Bzy. It is a standard
fact that T, is a free Z[B%']-module on countably many generators. The associative ring I'Y, can be
described explicitly as follows: it is a twisted Laurent polynomial algebra over a sequential limit of rings

d

b s = wla),

where the ring structure o on the topological abelian group Z[[z]] is uniquely determined by the formula
(1-—z)Fo(l—2)=01—a2)M

for all k,1 € Z. Note that T, is not a Z[3%!]-algebra, since 3 is not centralﬂ

(93)  Th=tm (- 5 2]l % Z[])) (57, w(f) = (1-2)

Remark 9.4. From the perspective of stable homotopy theory, these claims can be understood as
follows. We have T',;, = KU9,KU, which is a free KUg,-module by [AC77, Theorem 2.1], and its dual
is Ty, = KU*KU with ring structure given by composition of endomorphisms. To obtain the above
description of T'Y,, let z = Bc; € KUY(BCX), so that KU?(BC*) ~ Z[[x]]ﬁ The latter group can
be identified with the subgroup of KUO(QOOKU) consisting of additive maps, which is a ring under
composition. Under this identification, the power series (1 — x)~* corresponds to the (unstable) Adams
operation 1*, and the formula for o corresponds to the equation ¥ o ¢! = ¥, Finally, the limit along
w corresponds to the Snaith presentation KU = £BC*[3~!] (and the lim! obstruction to this limit
computing KU?(KU) vanishes since KU™* = 0).

Proposition 9.5. Let S be a gegs derived scheme and A C Q a subring.

(i) (KGL-homology cooperations) There is a right coaction of the Hopf algebroid (Z[3*],Ty) on the
Z[B*1]-algebra KGL,(S) and an isomorphism of Pic(MSg)-graded Hopf algebroids

(KGLp4, KGLAKGL) ~ KGLA,(S) ®z5+1) (Z[*'],T'),

where on the right-hand side the right unit is the coaction while the left unit, counit, and comul-
tiplication are extended.

5For this reason, the statement of INS©09, Theorem 9.3] is incorrect. We give a corrected statement in Proposition ii)
below.

6F0110Wing our algebro-geometric conventions, the element 1 — xz € KU?(BC*) is the dual of the universal line bundle,
and the Bott element 5 € KU*Z(*) - KUO((C]P’l) is the restriction of z along the map CP! — BCX classifying the
tautological bundle.
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(ii) (KGL-cohomology operations) There is a continuous left action of the Z[3*!]-bimodule algebra
LY. on the left Z[B3*']-module KGL*(S) extending ny: Ty, — Z[3*'] and an isomorphism of
Pic(MSg)-graded rings

KGLAKGL ~ KGL} (S) @751 T,

where the ring structure on the right-hand side is given by: (u-p)o (v-¥) =u-A(p)(v)orp. In
particular, there is a ring homomorphism A @)I‘}q’1 — KGLLKGL, which is an isomorphism when
Ko(S) @ A =A.

Proof. We use the symmetric monoidal functor ® from Theorem Recall from Example ii) that
KGL is the image by ® of the graded L-algebra Z[3%!]. The KGL-module KGL ® KGL is then the image
by ® of the Z[*!]-module T,, so it is a sum of copies of KGL (indexed by a basis of (I';,)o).

(i) As observed above, this statement is equivalent to the existence of a cocartesian morphism of
Hopf algebroids (Z[3*'],T,,) — (KGL,, KGL,KGL). First of all, the Cech conerve of 1 — KGL in
CAlg(hMSg) does induce a Picard-graded Hopf algebroid (KGL,, KGL,KGL) by [AHI24, Lemma 8.7],
and since the decomposition of KGL ® KGL does not involve any grading shifts, the inclusion of the
S-graded subalgebroid (KGL,, KGL,.KGL) is cocartesian. Thus, it will suffice to define a cocartesian
morphism (Z[*'],T,,) — (KGL,,KGL,KGL). The graded Hopf algebroid (Z[3*'],T,,) is the Cech
conerve in CAlg(Modys,) of the map SpecZ — Mj, classifying Gy Since @ is symmetric monoidal, it
sends this Cech conerve to that of 1 — KGL in CAlg(hMS!¥). Given the commutative triangle of
Theorem we now obtain the desired morphism (Z[3*'],T,,) — (KGL,, KGL.KGL) by evaluating
the symmetric monoidal natural transformation of Remark on the Hopf algebroid (Z[3F!],T,,).

(ii) Since KGL ® KGL is a free KGL-module and since the unit in MSg is compact, the canonical ring
homomorphism

KGL{KGL — Homger, (KGL,KGL,KGL, ® A)
is an isomorphism. By inspection, the ring structure on the right-hand side is obtained by dualizing
the Hopf algebroid from (i). The desired isomorphism of rings is thus an instance of . The last
statement follows from the equation A(p)(v) = v - ¢ for v € A, which holds because A is equalized by
the left and right units. O

Example 9.6 (Adams operations). Let k € Z. The Eo.-map Pic — Pic, £ — L®* induces a morphism
of Eoo-rings

¢*: SR Picy — LRiPicy
such that ¥*(B) = kB € ($39Pic;)~1(S). Thus, after inverting 8 and k, we obtain an E-map

¥ KGL[1] — KGL[#],
called the kth Adams operation. In fact, since k + (—)®¥ is an action of the multiplicative monoid (Z, -)
on the E,-monoid Pic, we obtain for any submonoid M C Z an induced action of M on KGL[M 1] €
CAlg(MSg) via Adams operations.

Under the isomorphism of Proposition ii), the kth Adams operation ¢* € End(KGL[;]) corre-
sponds to the unique element y* € (I'),)o ®Z[1] such that w™(¢)*) = (1—2)~*. Indeed, the latter power
series in KGLY[[z]] ~ KGL’(Pic) corresponds to the map Pic — K, £ — LZ*. Explicitly, ¢* is given by
the sequence

wk = (k_n(l o x)_k)neN
in the limit (which is how Riou defines the Adams operations in [Riol0, Definition 5.3.2]).

Our next goal is to investigate the case A = Q of Proposition in more details, using the fact that
the multiplicative formal group becomes isomorphic over Q to the additive one. Analogously to the
multiplicative case, the G,,-stack of additive formal groups with trivialized Lie algebra is presented by
the Hopf algebroid (Z[3*'],T',) with

T, = Z[f*] @, LB @, Z[8+Y],

where the ring map L — Z[3%!] now classifies the graded formal group law x + y. Unlike I',,,, T, is not
torsionfree and is more difficult to describe explicitly. For each prime p, I'y ® I, is a double Laurent
polynomial algebra over the even part of the dual Steenrod algebra at p. Rationally, however, we simply
have

I', ® Q= Q[g*'] ® Q[*!].

Viewing I, as a Z[3%!]-module via the left unit and dualizing, we find

(9.7) T.®Q)Y =Q*[p*], B 'aB =o0(a),
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as topological rings, where the ring structure on Q7 is given by pointwise multiplication and o: Q% — Q%
is the shift operator (an)nez — (@n+1)nez.
The graded formal group laws = +y — Bry and = + y over Q[3F!] are isomorphic via the power series

5 og(1 — ) = 3 1 e QIFH ]

Conjugation with this isomorphism defines an isomorphism of graded Hopf algebroids

(QIB*), T ® Q) = (Q[B*'], Ta ® Q),

hence an isomorphism of graded topological rings

(9.8) T.®Q) ~((T,,®Q)".

Remark 9.9. In terms of the explicit descriptions (9.3)) and (9.7) of the algebras (T',,,®Q)" and (I',®Q)",
9-8)

we have the following formula for the isomorphism (| . First, there is an isomorphism of topological
rings

(@) = (Qll]],9), (an)nen = Z p(—log(l — )"

The inverse sends f € Q[[z]] to (an)nen, where a,, /n! is the nth coefficient of f(1—exp(z)~!). The power
series (1 — )" thus corresponds to (k™),en, which shows that the isomorphism is compatible with the
ring structures. The shift operator (a,)nen = (@ni1)nen on QY corresponds to the endomorphism w of
Q[[z]], which yields in the limit the desired isomorphism

- o n n
(Pa @ Q)B/ = @Z - (Fm & Q)ga (an)nEZ = (Z n'k (7 log(l - l‘)) )

n=0

keN
(cf. [Riol0], Proposition 5.3.7]).

Combining Proposition ii) with and (9.7]), we obtain an isomorphism of rings
QZ l) EnthSZ (KGLQ)
For each n € Z, the characteristic function of n thus defines an 1demg)otent endomorphism e,, of KGLg
over SpecZ, hence over any derived scheme S. We denote by KGLg ) the image of e,, called the nth
Adams eigenspace of KGLg. By Proposition (i iv) below, the mot1v1c spectrum KGL((@) represents

the k- elgenspace of the Adams operation ¥* on the rational K-groups K, (—)g for any k € Z — {0, 41}.
Note that KGL is by definition stable under arbitrary base change.

Definition 9.10. Let S be a derived scheme. The rational motivic cohomology spectrum HQ € MSg is
the motivic spectrum KGLQ equipped with the Ey-algebra structure 1 -+ KGLg — KGL(EQ)

Remark 9.11. Under the isomorphism (9.8 , the map 7y : (I'y, ® Q) — Q corresponds to 7y : Q% =
(T, ®Q)y — Q, which is evaluation at 0 € Z. In particular, it sends the idempotent eg to 1. This implies
that the endomorphism ey of KGLg with image HQ is a morphism of Eg-algebras in hMSg (this also
follows from Lemma below).

Remark 9.12. If S is regular noetherian, so that KGL € MSg is Al-invariant, the spectrum KGLg)
coincides by construction with the one defined by Riou [Riol0}, Definition 5.3.9] (the slight variations in
our formulas are explamed by a different choice of coordinate in our description of T'Y,: Riou uses the
coordinate u = (1 — z)~! — 1). In particular, HQ coincides in this case with the Al-invariant rational
motivic cohomology spectrum defined in [Riol0 Definition 5.3.17] and studied further by Cisinski and
Déglise in [CD19], Section 14].
Proposition 9.13 (Adams decomposition). Let S be a derived scheme.
(i) The canonical map
PKGLS — KGLg
nez
is an isomorphism in MSg.
(ii) If S is locally of finite Krull dimension, then the canonical map
KGLg — [ ] KGL"
nez
is an isomorphism in MSg.
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(iii) For every n € Z, the Bott element 8 induces an isomorphism E]leGL o~ KGL((Q"H).
(iv) For everyn € Z and k € Z — {0}, we have ¥ = k™ -id on KGLg ()

Proof. (i) This follows from the case S = SpecZ proved in [Riol0, Theorem 5.3.10]. We give a proof for
completeness. We may assume S qcgs, so that MSg is compactly generated. It then suffices to show
that for every X € MSY, the map

X, é KGLY)

colim — [X,KGLg]
" i=—n
is an isomorphism. Injectivity is obv1ous Let e[_p,, be the idempotent endomorphism S e of

KGLg, whose image is @ KGL . 'To prove surjectivity, we must show that for every f: X — KGLgq,
there exists an n such that f ~ 6[—n,n o f. Recall that KGL ® KGLg is a countable sum of copies of
KGLg. Since KGL ® X is a compact KGL-module, the map idxgr, ® f factors through a finite sum of
copies of KGLg. This shows that the map

Q" ~ KGLY(KGL) — KGL{(X), ar~aof,

is continuous, where the target has the discrete topology. Since the sequence (e[_p, ), converges to 1 in
KGL?Q(KGL), its image (e[—p,n) © f)n in KGL%(X) is eventually equal to f, as desired.

(iii) By Proposition ii), there is a morphism of graded rings Q%[*!] — KGLGKGL, where QZ[B*Y
is as described in ([9.7). The claim thus follows from the equation e, 13 = e, in the ring QZ[5*!].

(iv) By Exampl and Remark. 9.90 ¥* is given by the sequence (k"),cz in Q.

(ii) In light of (i), (iii), and (iv), the statement is equivalent to the following: for any anlmated ring A
of finite Krull dimension and any n € Z, there are only finitely many ¢ € Z such that K,,(A ) # 0. Here,
the groups K (A)(g) are the eigenspaces of the Adams operations on K, (A)g. By the Bass delooping
theorem [AHI24| Corollary 4.13], we can in fact ignore the negative K-groups and assume n > 0. In this
case, we have K, (A)é;l) = 0 for any ¢ < 0, so it remains to prove that K, (A)ég) = 0 for large enough i.
Since KZO(—)(S) is finitary and the Zariski co-topos of A has finite homotopy dimension [CM21], Theorem
3.12], this follows from Lemma ii) below. O

Lemma 9.14. Leti € Z.
(i) Let R — S be a morphism of animated commutatwe rings such that mo(R) — mo(S) is surjective
with nilpotent kernel. Then the spectrum K(R, S) is 1-connective. ‘
(ii) Let R be a local animated commutative ring. Then the spectrum KZO(R)(S) is i-connective.

Proof. If R is local and static, (ii) was proved by Soulé [Sou85, Section 2, Théoréme 1]. It thus remains
to prove (i). Consider the zigzag of natural transformations on animated commutative rings
(K>0)g —» HCg < HCH[1).

We equip (K>o)g with the Adams filtration (Kzo)&_ ) and HC™ and HC' with the HKR filtrations as
defined in [Rak20l Section 6] or [BL22| Section 6.3]. By definition of the latter, Nm is canonically a
filtered map (where [1] also shifts the filtration by 1). We claim that Tr can also be refined (uniquely) to
a filtered map. This follows from connectivity considerations as in [EM23|, Proposition 4.6]. Indeed, since
(K>0)q is left Kan extended from smooth Z-algebras [EHK*QO Example A.0.6], it suffices to consider Tr
on smooth Z-algebras. We already know that K>(— )((@— ") is i-connective as a Zariski sheaf on classical
schemes, by Soulé’s theorem. On the other hand, for a smooth Z-algebra R, the HKR filtration on
HC™(R) is exhaustive with graded pieces

gr%{KRHC_ (R) = Q}%i [22]

(by [Rak20, Example 6.3.8]), so that HC™ (R)/Filixg HC™ (R) is (i — 1)-truncated. This shows that Tr
refines uniquely to a filtered map.

By Goodwillie’s theorem [Goo86, Theorem I1.3.4 and Lemma, 1.3.3], both transformations Tr and Nm
are isomorphisms on (R, S). In particular, since HCT commutes with rationalization, we have

K(R,8)§ = K(Rg. S0) -
We may thus assume that R is a Q-algebra. On animated Q-algebras, we have functorial splittings of
the HKR filtration

T~ H grixrHC™ and HCT ~ @ grigr HCT
i€Z i>0
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(for HC™T, this reduces to the classical case of polynomial Q-algebras as both sides are left Kan extended;
for HC™ = FilOTHP7 this is established in the proof of [Bal23, Theorem 3.4]). Since Tr and Nm are lower
triangular with respect to these decompositions, they induce isomorphisms on associated graded

K(R,8)§ = grijcrHC™ (R, S) ~ gripd  HCH (R, S)[1].

The ith graded piece gri g HCT(R) of the HKR filtration is the Hodge-truncated derived de Rham
cohomology LQ<4[ i] (again by |[Rak20, Example 6.3.8]), which is i-connective. Moreover, since R — S
is surjective on g, the induced map on ngKRHC is surjective on m;_1, so that the fiber grlHKlRHC‘Ir (R,S)
is still (¢ — 1)-connective. By the above isomorphisms, we deduce that K(R, S)Q) is i-connective. O

Next, we observe that the Adams decomposition of KGLg can also be obtained using the functor @
from Theorem Let ®(Q) € CAlg(hMS2°) be the commutative monoid induced by the graded ring
homomorphism L — Q classifying the additive formal group law over Q, as in Example [8.20((ii).

Lemma 9.15. Let S be a qcgs derived scheme. The summand inclusion KGLS) — KGLg s the image
by ®: Mod?g — EMS{;SSG of the morphism

(Spec(Q)/Gm, Ga, Q(n)) = (Spec(Q), Ga, Q) = (Spec(Q), G, Q),
In particular, there is an isomorphism of Eg-algebras HQ ~ ®(Q).

Proof. The idempotent endomorphism e,, of KGLg.(—) is by construction the image by @, of the idem-
potent endomorphism of (Spec(Q)/G, Ga, D,,c5, Q(n)) projecting onto Q(n). O

Theorem 9.16. For any derived scheme S, the motivic Eg-ring spectrum HQ € MSg is idempotent.

Hence, it admits a unique Eoo-ring structure, and the forgetful functor Modug(MSs) — MSg is fully
faithful.

Proof. Since HQ is stable under base change, we may assume S qcgs. We must show that the map
idpg ® n: HQ - HQ ® HQ
is an isomorphism, where 77: 1 — HQ is the unit. By Lemma [9.15] it can be identified with the map
ide @) ®1: ¢(Q) — ¢(Q) ® ¢(Q).

The latter is a section in hMS¥® of the multiplication u: ®(Q) ® ®(Q) — ®(Q). Since the functor
MSEse — hMSE° is conservative, it suffices to show that p is an isomorphism. Since ® is a (nonunital)
symmetric monoidal functor by Theorem [8.18] 4 is the image by ® of the map

QeLLBeLQ—=Q

classifying the identity automorphism of the additive formal group law over Q. This map is an isomor-
phism, since the Hurewicz map ng: L — Z ®, LB is rationally an isomorphism by Lazard’s theorem (see
for example [Lurl0, Lecture 2, Lemma 10]). O

Remark 9.17. The use of the motivic Landweber exact functor theorem in Proposition is merely
a convenience, as it would be possible to make that computation using only the Snaith presentation of
KGL. However, its use in the proof of Theorem [9.16|seems more essential: we do not know an alternative
argument.

Remark 9.18 (The E.-orientation of HQ). Being a retract of KGLg as an Eo-ring (Remark [0.11)), the
Eoo-ring HQ is canonically oriented. By [AHI24, Corollary 7.10], there is an isomorphism of HQ-algebras
HQ®MGL ~ HQ[by, ba, ... | in hMSg. Since the action of the symmetric group X,, on 33, HQ is trivialized
by the Thom isomorphism and Q ® X°BY,, ~ Q, HQ[b1, bs, . ..] is actually the free Eo.-HQ-algebra on
the generators b;. We therefore obtain a morphism of E.-rings

MGL — HQ ® MGL <= HQJby, by, ...] — HQ
by sending each b; to 0.

Proposition 9.19. The following are equivalent for a Q-linear motivic spectrum E € MSg:

(i) E lies in the full subcategory Modug(MSs) C MSg.
(ii) E admits a structure of MGL-module in MSg.
(iii) E admits a structure of MGL-module in hMSg.

In particular, every Q-linear orientable object in CAlg(hMSg) is an HQ-module.
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Proof. (i) = (ii) follows from Remark [0.18] and (ii) = (iii) is obvious. The subcategory Modug(MSs) C
MSg is a tensor ideal and is closed under retracts. To prove (iii) = (i), it therefore suffices to show that
the canonical map MGLg —+ MGL ® HQ is an isomorphism, and we may assume S qcgs. The spectrum
MGLg is the image by ® of the universal rational formal group law on the graded ring L ® Q. On the
other hand, by Lemma and Theorem MGL ® HQ is the image by ® of the graded L-algebra
LB ®1, Q. The claim follows since the map L ® Q — LB ®, Q is an isomorphism. O

Remark 9.20 (Periodic rational motivic cohomology and the Chern character). If E € CAlg(MSg) is
a Q-linear orientable E,-ring, there is a canonical isomorphism

P E = Symy (S E)

n>0
(see Remark [9.18)). Inverting the tautological element u: P* — Sym (X E), we obtain a further isomor-
phism

PE =P SHE = Symp (e B)u .

ne”Z
In other words, the spectrum P FE has a structure of E..- F-algebra, which is initial among E..- E-algebras
R with a unit u: P! — R. By Proposition KGLg is an Eo-HQ-algebra. Hence, there is a unique
map of E..-HQ-algebras

ch™': PHQ — KGLg

sending u to 3, which is an isomorphism by Proposition iii).

Example 9.21 (Integral étale motivic cohomology). Let HZ € MSz be the étale localization of the
motivic cohomology spectrum HZ. For any derived scheme S, let HZ € MSg be its base change to S.
Then:

(i) For any prime p, the p-completion of HZ® is the motivic spectrum HZS' from Example
representing Bhatt—Lurie syntomic cohomology.
(ii) The rationalization of HZ® is the rational motivic cohomology spectrum HQ from Deﬁnition
representing the fixed points of the Adams operations on the rational K-groups.
(iii) HZ® satisfies étale descent, i.e., belongs to the full subcategory MS‘%t C MSg.
(iv) Over a Dedekind domain D, HZ® is the étale localization of HZ in MSp, and Q2" "HZ® is the
étale sheafification of the Bloch-Levine motivic complex Z(n)[2n] on Smp.

Indeed, (i) and (ii) are true over Spec(Z) and hence over arbitrary S as both HZS' and HQ are stable
under base change. We therefore have the following cartesian fracture square in CAlg(MSg):

HZ% ——— T, HZ

J !

HQ — (II, Hfo)Q

To prove (iii), it remains to show that ([], HZE")q satisfies finite étale descent. Since RIgyn(—, Zp(*))
is an étale sheaf of E..-rings, it has a unique structure of finite étale transfers satisfying the projection
formula [BH2Il Corollary C.13]. Moreover, it is the constant sheaf Z, in weight 0. Hence, for a finite
étale map f: Y — X, the endomorphism f, f* of Rl'sy, (X, Z,(x)) is multiplication by the degree of f.
This remains true if we take the product over all primes, so that we obtain a finite étale sheaf after
rationalizing. Over a Dedekind domain D, we see using the idempotence of HQ (Theorem that
the fracture square for HZ maps to the one for HZ®, which yields a map HZ — HZ® in CAlg(MSp).
The induced map Z(n)[2n] = Qg7 "HZ — Qg9 "HZ® exhibits its target as the étale sheafification of
its source, since this holds after p-completion (by Example and rationally (since HQ is already an
étale sheaf). This proves (iv).
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