COHOMOLOGY OF THE MODULI STACK OF ALGEBRAIC VECTOR BUNDLES

TONI ANNALA AND RYOMEI IWASA

ABSTRACT. Let Vect, be the moduli stack of vector bundles of rank n on derived schemes. We prove that, if
E is a Zariski sheaf of ring spectra which is equipped with finite quasi-smooth transfers and satisfies projective
bundle formula, then E*(Vect, ) is freely generated by Chern classes cy,...,c, over E*(S) for any qcgs derived
scheme S. Examples include all multiplicative localizing invariants.

CONTENTS

D Tnfroduction

1
IL.  Sheaves with transters and projective bundle rormulg 3
D——Euler classed 6
8
1

B__Maoduli stack of vector bundled
#. Chern classes and formal group lawg 1

b. Representability of localizing invariantg 15
Referenced 17

0. INTRODUCTION

In algebraic topology, the cohomology of the classifying spaces of unitary groups is fundamental: for a
complex oriented cohomology theory E and n > 0, there is a canonical ring isomorphism

E*(BU(H)) ~ ﬂ:*E[[Cly""Cn]];

where ¢y, ...,c, are the universal Chern classes. The goal of this paper is to establish its algebraic counter-
part. Examples of algebraic cohomology theories our results apply to are localizing invariants in the sense
of [BGTT3] such as algebraic K-theory and topological Hochschild homology, as well as non A!-localized
algebraic cobordism, which we define. In order to work in this generality, we develop a version of motivic
homotopy theory and show that all localizing invariants are representable there. This would be the key com-
putational step toward further study of algebraic K-theory and algebraic cobordism beyond A!-homotopy
invariance.”

Let us start by discussing what the algebraic counterpart of complex oriented cohomology theories should
be. To detect orientations, we take the viewpoint of transfers; see [Qui7/1, §1] for the relation between
complex orientations, cobordism, and transfers in algebraic topology. On the algebraic side, it is shown in
[EHKSYZ0] that the algebraic cobordism MGL is universal among A'-local motivic spectra with finite quasi-
smooth transfers. Taking this into account, we consider Zariski sheaves with finite quasi-smooth transfers on
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derived schemes, which we call sheaves with transfers for short, cf. Definition I and I8. In practice, we
restrict to sheaves on the co-category Schy of derived schemes of finite presentation over a qcqs derived
scheme S. We remark that derived schemes are essential to formulate sheaves with finite quasi-smooth
transfers.

Instead of the A'-homotopy invariance as in Morel-Voevodsky’s theory [MIV99], our basic input is the
projective bundle formula. We say that a sheaf E with transfers on Schy satisfies projective bundle formula
or is pbf-local if the map

L ®p*: (P )@ E(X) — E(P})

is an equivalence for every X € Schg and n > 0, where t, is the pushforward along a fixed linear embedding
P! — P", which comes from the transfers of E. All localizing invariants satisfy projective bundle formula,
while they do not satisfy A'-homotopy invariance in general.

To state our main result, we introduce some notations. Let Shv"(Schg) be the co-category of sheaves
with transfers on Schg (Definition [CH), Shvgbf(SchS) its full subcategory spanned by pbf-local sheaves with
transfers, and SH;rbf(SchS) the oo-category of spectrum objects in Shvgbf(SchS). Then SH;rbf(SchS) has a
canonical symmetric monoidal structure and an algebra object there is a sheaf of ring spectra which is
equipped with transfers and satisfies projective bundle formula. For example, a multiplicative localizing
invariant yields an E,-algebra in SH;rbf(Schs) (Corollary B4). Let Vect, be the moduli stack of vector
bundles of rank n. If E is a presheaf of spectra and X is an algebraic stack, then we write E*(X) :=
n_,Map(X3°X, E).

Theorem A (Corollary BE72). Let S be a qcqs derived scheme and n > 0. Let E be a homotopy commutative
algebra in SH;rbf(SchS ). Then there is a canonical ring isomorphism

E*(Vect, s) ~ E*(S)[[cy,...,¢,]]

The isomorphism is well-known for oriented A!-local motivic ring spectra, cf. [NS@09, Proposition 6.2].
For algebraic K-theory, the isomorphism was known when the base is a regular scheme as a special case of
the A'-local motivic result. Topological Hochschild homology is not A!-homotopy invariant, but it would
be possible to prove the isomorphism directly by using the comparison with the de Rham-Witt complex; see
[Tof 18] for a related computation. Our theorem extends these to results on general localizing invariants
over general bases and gives a unified proof.

Theorem A follows from a comparison of the “motivic” homotopy type of Vect, and that of the infinite
grassmannian Gr,. The cohomology of the latter is rather simple to calculate and we get Theorem BA. The
comparison is stated as follows. Let y* be the left adjoint of the forgetful functor Shv"(Schg) — Shv(Schy)
and L, the localization functor enforcing projective bundle formula on sheaves with transfers. Then:

Theorem B (Theorem B). For every qcgs derived scheme S and n = 0, the canonical map
Lmoty*Grn,S - Lmot'}/*veCtn,S
is an equivalence.

We believe that our methods would give new insights into the theory of motives beyond A!-homotopy
invariance. Over the past few years, there have been several attempts to study non A'-local motivic phe-
nomena as in [Bin20, BPO20, KMSYZ1]. However, all of them have technical limitations; for example, one
cannot expect that general localizing invariants are representable there (since their categories are Z-linear),
while they are representable in our category. In addition to localizing invariants, we are pursing more gen-
eral theories such as algebraic cobordism. The initial algebra object in SH;rbf(Schs) should be regarded
as the "periodic algebraic cobordism" PMGL, which has not been constructed without A'-localization. In
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fact, we have a modification so that the initial algebra object represents the non-periodic algebraic cobor-
dism MGL. Then Voevodsky’s cobordism should be recovered as the A!-localization L,: MGL and Annala’s
cobordism in [AnnZ1] should be recovered as m,MGL. We hope to discuss these comparisons elsewhere.

We conclude this introduction with a brief outline of this paper. In Section 0, we build setups for sheaves
with transfers which satisfy projective bundle formula. In Section B, we prove some basic properties of pbf-
local sheaves with transfers in terms of Euler classes. In Section B, we prove a key technical lemma for the
proof of Theorem B and prove the comparison for n = 1. In Section B, we develop a theory of Chern classes
and use it for computing the cohomology of grassmannians. Then we complete the proof of Theorem B
and get Theorem A as its corollary. In Section B, we prove that every localizing invariant is representable
in SHgbf(Schs) so that a multiplicative localizing invariant yields an E,-algebra in SHgbf(Schs).

Convention. We use the language of co-categories as set out in [LiirT74, LirT7ZH]. We refer to [Liir8] for
the theory of derived schemes. We assume that all derived schemes are qcqs (quasi-compact and quasi-
separated). We say that a morphism X — Y of derived schemes is quasi-smooth if it is of finite presentation
and the cotangent complex Ly y is of Tor-amplitude > 1, cf. [KRTY, §2]. Avector bundle on a derived scheme
X is a locally free quasi-coherent module of finite rank on X. Our treatment of sheaves with transfers are
strongly influenced by the theory of framed correspondences as developed in [EHKSYZ1], from which we
adopt some notations.

1. SHEAVES WITH TRANSFERS AND PROJECTIVE BUNDLE FORMULA

Fix a qcgs derived scheme S. Let Schg be the oco-category of derived schemes of finite presentation
over S and Corr(Schyg) the oo-category of correspondences/spans in Schg, cf. [BHZT, Appendix C]. By the
assumption of finite presentation, the oo-categories Schg and Corr(Schg) are essentially small. Recall that
an object of Corr(Schy) is an object of Schg and a morphism from X to Y in Corr(Schg) is a diagram in Schg

X/Z\Y.

Let Corr'®™(Schy) be the subcategory of Corr(Schg) spanned by morphisms whose left span is finite and
quasi-smooth.

Definition 1.1. A presheaf with transfers on Schy is a presheaf of spaces on Corr'®™(Sch,) which preserves
finite products. We write PShy,(Schy) for the co-category PShy,(Corr’®™(Schy)) of finite-product preserving
presheaves.

Remark 1.2. Since the co-category Corr®™(Schy) is semiadditive by [RHZT, Lemma C.3], presheaves with
transfers take values in E_,-spaces by [GGNTS, Proposition 2.3].

Notation 1.3. Let f: Y — X be a morphism in Schg and E a presheaf with transfers on Schg. We let ,f =
f:Y — X denote the morphism in Corr'®™(Schy) and let f* := E(,f): E(X) — E(Y). If f is finite quasi-
smooth, then we let 'f : X — Y denote the dual morphism in Corr’®™(Schg) and let f, := E('f): E(Y) —
E(X). One can think of f, as a Gysin morphism.

Example 1.4. We write FOSmg for the presheaf with transfers on Schg represented by S, which is by
definition the moduli stack of finite quasi-smooth derived schemes.

The canonical functor y: Schg — Corr'®™(Schy) preserves finite coproducts and Corr™®™(Schy) is canon-
ically endowed with a symmetric monoidal structure for which y is symmetric monoidal. It follows that y
induces an adjunction

r*: PShy(Schs) 2 PShy(Schg): v,
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and y* is symmetric monoidal. Here, we endow PShy(Schg) and PShj;(Schy) with the unique symmetric
monoidal structures for which the Yoneda embeddings are symmetric monoidal and the tensor products
are compatible with small colimits, cf. [[1irT7H, Proposition 4.8.1.10]. We note that the projection formula
is automatic for presheaves with transfers.

Lemma 1.5 (Projection formula). Let E be a presheaf with transfers on Schg and f: Y — X a finite quasi-
smooth morphism in Schg. Then the following diagrams commute

E(V) @ E(X) 2 E(v)® E(Y) —= (E®E)Y)  EX)®E(Y) 2% E(Y)® E(Y) —= (E® E)(Y)
if*@d if* J{id®f* lf*
E(X) ® E(X) (E@E)X)  EX)®EX) (E ® E)(X),

where E ® E denotes the tensor product in PShtZr(SchS ).

Proof. Since the tensor products commute with colimits, we may assume that E is representable by a derived
scheme in Schg. Then the commutativity is straightforward to check. O

Definition 1.6. A sheaf with transfers on Schg is a presheaf E with transfers such that y_E is a sheaf on the
Zariski site Schg z,,. We write Shv"(Schy) for the full subcategory of PSh{;(Schy) spanned by sheaves with
transfers.

For each non-negative integer n > 0, let

Z[U,TO,...,Tn]) U LACE TR
U_Zzl:oTi o< %} if n=0.

Let p: A" — Spec(Z) denote the projection and ¢: A” | — A" denote the inclusion of the subscheme. Since
v is quasi-smooth, it yields a morphism 't: A" — A" in Corr'®™(Sch).

A= Proj(

Definition 1.7. We say that a (pre)sheaf E with transfers on Schg satisfies projective bundle formula or is
pbf-local if, for every X € Schg and n > 0, the map

proL:EX)®EX x A ) - E(X x A")

is an equivalence. We write Shvgbf(SchS) for the full subcategory of PSh{;(Schg) spanned by pbf-local sheaves
with transfers.

Remark 1.8. If E is a pbf-local presheaf with transfers, then for any X-points a,b: X =3 A} not meeting
AZO,X the two maps a*, b*: E(A}) 33 E(X) are homotopic to each other.

Remark 1.9. Every pbf-local sheaf with transfers has its values in grouplike E,-spaces. We give a proof
in the next section, cf. Corollary PZ9.

The oco-category Shv;rbf(SchS) is an accessible localization of PShy;(Schg) by [Luir174, Proposition 5.5.4.15].
We denote the localization functor by

Lot PShy(Schg) — Shvy, (Schy).

Then Shvgbf(SchS) admits a unique symmetric monoidal structure for which the localization functor L, is
symmetric monoidal by [LurT7B, Proposition 4.1.7.4].

Definition 1.10. A pbf-local sheaf of spectra with transfers on Schg is a spectrum object in the co-category
Shv;rbf(SchS) in the sense of [Lur17B, §1.4.2]. We write SH;rbf(SchS) for the oco-category of spectrum objects
in Shv;rbf(SchS).
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Remark 1.11. A pbf-local sheaf E of spectra with transfers can be identified with a presheaf of spectra on
Corrf®™(Schy) such that Q°°~"E is a pbf-local sheaf with transfers for every n > 0.
There is an adjunction

B : Shv”

oot pbf(Schs) 2 SH;rbf(SchS): Qe

and the left adjoint B>° is called the infinite bar construction.? Then SH;rbf(SchS) admits a unique symmetric

Example 1.12. Every localizing invariant in the sense of [BGTT3] naturally defines a pbf-local sheaf of
spectra with transfers on Schg for each qcgs derived scheme S. Moreover, if a localizing invariant is multi-
plicative, then it defines an E,-algebra in SHgbf(SchS). We give a proof in Section B.

Base changes. Let f : T — S be a morphism of derived schemes. Then the base change functor Schg — Schy
induces adjunctions

f*: PShy(Schg) 2 PShy(Schy): f,
£+ Shvij «(Schs) 2 Shvyj (Schy): f,
f*: SHy (Schg) 2 SHgbf(SchT): £

It is straightforward to see that the left adjoints f* are symmetric monoidal and compatible with the local-

ization functor Ly, and the infinite bar construction B_? .

Approximation of the motivic localization. The assignments n — A" and n — A form semi-cosimplicial
objects in the category of schemes in a standard way, and the map ¢: A" — A" is assembled into a
morphism of semi-cosimplicial schemes ¢: A% — A°. Since the square

Am > A™

K

A;%A”

is cartesian in Sch for each injection 0 : [n] < [m], the map ¢ yields a morphism of semi-cosimplicial objects
't1 A* —> A?_ in Corr'®™(Sch).

Lemma 1.13. Let E be a presheaf with transfers. Then the canonical map E — L,.E factors as
E — |E(A")| - |cofib(E(A%) =5 E(A*))| = LyoE,
where |(—)| denotes the geometric realization.
Proof. Note that if E is pbf-local then there is a canonical equivalence
E(X) =~ |cofib(E(A%, x X) > E(A* x X)),

from which the desired factorization is immediate. O

2In fact, this is an adjoint equivalence, as proved in [ATZ3, Theorem 2.4.5], but we will not use it in this paper.
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2. EULER CLASSES

Definition 2.1. We define PMGLg := L,,.F98mg, which is a unit object in the symmetric monoidal co-
category Shvgbf(Schs).

Remark 2.2. PMGL is a version of the periodic algebraic cobordism. Comparison with the existing theories
will be discussed elsewhere. See [EHKSYZ(, Corollary 3.4.2] for the similar description of the A'-local
algebraic cobordism.

Definition 2.3. Let & be a vector bundle on a derived scheme X € Schy. We define the Euler class e(&) €
moPMGLg(X) by e(&) :=s*s,(1x), where s denotes the zero section of the total space of &

5: X = V(&) := Spec(Sym(&VY)).

Remark 2.4. The Euler classes are compatible with base changes, i.e., for a morphism f: ¥ — X in Schg,
we have f*e(&) = e(f*&). Since every pbf-local sheaf E with transfers is a module over PMGLg, the Euler
class of a vector bundle & on X yields an endomorphism of E(X) up to homotopies.

Let a be a global section of a vector bundle & on X. Then the derived vanishing locus V, of a is a derived
scheme defined by the cartesian square
e

X —=V(&).
By definition, we have e(&) = jo,(1y,).

Lemma 2.5. Let & be a vector bundle on a derived scheme X € Schg. Then, for any global section a of &, we
have j,.(1y, ) = e(&). In particular; if & admits a nowhere vanishing global section, then e(&) = 0.

Proof. Let V be the derived vanishing locus of the global section at, of the twisting sheaf &(1) on IP’}(,
and let j: V — P} be the inclusion. Then ifV =V, and %,V = V,. Therefore, i}j.(1,) = Jox(1y,) and
i¢0Ji(1y) = ja.(1y,). We conclude the proof by noting ij =iy, . 0

Lemma 2.6. Let E be a pbf-local sheaf with transfers on Schg. Let & be a vector bundle of rank r > 1 on a
derived scheme X € Schg and & the Euler class of the canonical line bundle €(1) on P(&). Then the morphism

r—1 r—1
D (E - p): DEX) - E@(6))
i=0 =0

is an equivalence.

Proof. Since the question is local on X, we may assume that the & is trivial, i.e., & = 0;. We prove by
induction on r. The case r = 1 is trivial, and let r > 2. Fix a linear embedding j: JP’;’Z — IP;’l, which is
given by x € H(P;; !, 0(1)). Then we have a cartesian diagram

r—2 i r—1
P2 —— PL

r

Pl > V(0(1))
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and j,(1) = £ by Lemma 5. It follows that the diagram
_ Yoo _
DL EX) ————— E(®; )

Tp*@j*
_ 1037 2(&p*)
D  EX) ———— E(X)® E(P} %)

commutes. The right vertical arrow is an equivalence since E is pbf-local. Therefore, the result follows from
the induction hypothesis. O

Corollary 2.7. Let E be a homotopy commutative algebra in SHgbf(Schs), i.e., a commutative algebra object
in the homotopy category. Then there is a canonical ring isomorphism

m E(PY) > m E(X)[E]/6™
for every X € Schg and n > 0.

Proof. By Lemma I8, it remains to show that "' = 0 in 77,PMGLg (P%). By the projection formula (Lemma
S), £"*! is the image of the unit by the Gysin morphism along the inclusion of the derived intersection of
(n + 1)-copies of a hyperplane in P", but this is empty and thus £"*! = 0. O

We prove that every pbf-local sheaf with transfers satisfies Bass fundamental theorem, cf. [[C'T90, §6].
Consider the affine cover
{D,(Ty), D (Ty)} — Al
The Euler class e(0(1)) € nOPMGLS(A}() is sent to zero in TyPMGLg(D, (Ty)x) and moPMGLg(D, (T;)x) by
Lemma P73. Therefore, it lifts to v € m;PMGLg(D, (T T;)x)-

Lemma 2.8 (Bass fundamental theorem). Let E be a pbf-local sheaf with transfers on Schg. Then, for every
X € Schg and i = 0, there is a split exact sequence

0— i E(X) = 711 E(D,(To)x) @ 71 E(D, (T )x) = 7 E(D(To T )x) = mE(X) — 0,
where the multiplication by v gives a splitting m,E(X) — m; .1 E(D, (T, T )x)-
Proof. Consider the diagram

i1 E(D4(To)x) ® 741 E(D4 (T, )x)

o i E(D4(ToTy)x)

a

y Al
TEX) 0P TE(Ay) mEX)

;E(D,(To)x) ® m;E(D,.(Ty)x).

The vertical sequence is exact since E is a sheaf and the horizontal sequence exhibits niE(A}l() as a direct
sum of two copies of 7;E(X) by Lemma PA. The boundary map & factors through the left summand as
indicated since the right diagonal map is injective. Now the result follows from a simple diagram chase. [J

Corollary 2.9. Every pbf-local sheaf with transfers on Schg has its values in grouplike E,-spaces.

Proof. It suffices to show that if E is a pbf-local sheaf with transfers on Schg then 7yE(X) is a group for
every X € Schg. Since myE(X) is a quotient of ©,E(D,(TyT;)x) by Lemma P8, it is a group. O
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3. MODULI STACK OF VECTOR BUNDLES

In this section, we study the homotopy type of the moduli stack of vector bundles. We start by recalling
the construction of the moduli stack of vector bundles. Let Sch be the oco-category of all derived schemes.
Then there is a functor QCoh: Sch®? — Cat, classifying all quasi-coherent modules, which is constructed
as in [Curl8, §6.2.2], where Cat,, denotes the co-category of possibly large co-categories. For a non-
negative integer n, let QCthfree be the subfunctor of QCoh spanned by locally free quasi-coherent modules
of rank n. Then the moduli stack Vect,, of vector bundles of rank n is the functor defined as the composite

QCOhLﬁee (7)~
Vect,: Sch® Categ 8,

where (—)~ is the functor taking the maximal subgroupoids of co-categories. We write Pic := Vect;, which
is by definition the Picard stack.

The presheaf Vect, is a fpqc sheaf since so is the presheaf QCoh classifying quasi-coherent modules by
[[CrT8, Proposition 6.2.3.1] and the property being locally free of rank n is local for the fpqc topology
by [Lirl8, Proposition 2.9.1.4]. The presheaf Vect, is finitary in the sense that it carries filtered limits of
qcgs derived schemes with affine transition maps to colimits by [LiirI8, Corollary 4.5.1.10]. For a qcgs
derived scheme S, we write Vect, s for the restriction of Vect, to Schg. Then Vect, s is compatible with
base changes, i.e., for every morphism f: T — S of derived schemes, the map f*Vect, ; — Vect, r is a
Zariski local equivalence, cf. [EHKSY20, Proposition A.0.4]

For non-negative integers n and N, the n-th grassmannian Gr,,(0") of 6" classifies all quotients 6~ - &,
where & is a vector bundle of rank n. The projection &N*! — @V discarding the last factor induces an
immersion Gr,(0") < Gr,(0N*!). Let Gr,, := colimy Gr,(¢") and regard it as an ind-scheme. We write
P°° := Gr;, which is the infinite projective space.

Theorem 3.1. For every qcqs derived scheme S and n > 0, the canonical map
Lmoty*Grn,S - Lmot}/*veCtn,S
is an equivalence.

The proof is completed in the next section. In this section, we prove a key technical lemma (Lemma
B3) and prove the equivalence for n = 1. Note that we may assume that S = Spec(Z) to prove Theorem
B since both sides commute with base changes. In the rest of this section, we work over the co-category
Schy, := Schgp.(z) unless otherwise stated.

Lemma 3.2. The canonical map
Lot Y P = Loy Y™ Pic
admits a left inverse.

Proof. Consider the universal line bundle %,,;, on Pic. Then the total space V(%,,;,) is defined as the
stack classifying line bundles with a global section, i.e., V(%,;,)(X) is the space of all maps 0y — & with
% being a line bundle on X. We have a map s: Pic — V(&) classifying zero sections, which can be
expressed as a colimit of quasi-smooth closed immersions. Hence, the Gysin morphism s, is well-defined
and the Euler class of %, is defined by & :=s*s,(1) € m,PMGL(Pic). We note that PMGL(Pic) is complete
with respect to £ since it is a limit of PMGL(G ") where & = 0 and a limit of complete modules is complete.
Then we have a commutative diagram

[T (Linory* P> )(Spec(Z))

Z?oo(gi'P*)\L \

(LinotY P)(Pic) ———= (Lot 7 P)(P).
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The left vertical map is well-defined because of the &-completeness of PMGL(Pic). The diagonal arrow is
an equivalence by Lemma Z8. In particular, the canonical map y*P*° — L.y P lifts to a map y*Pic —
Loty P up to homotopies, which gives a desired left inverse. O

The next goal is to construct a right inverse of L,,.v*Gr,, = L.y Vect,. In order to do that, we pursue
the idea of closed gluing as in [EHKSYZ1, §A.2], which provides a method to show that some map is an
A'-homotopy equivalence. See [HINTYZ0, Proposition 4.7], where it is used to show that the canonical
map Gr,, — Vect, is an A'-homotopy equivalence on affine schemes. Adopting this to our situation, we can
try to solve the lifting problem

6, (A"

3? . \L

Vect, LA |Vect,(A®)].

However, it will turn out soon that this is impossible, mainly because the sheaf cohomology of A* is non-
trivial. To fix this, note that for each [ > 1 the twisting sheaves @(l) on A* define a point of the semi-
simplicial sheaf Pic(A®). Then we prove the following.

Lemma 3.3. Let k be a non-negative integer.
(A) The diagram
7 leosky(Gr,(A")]

o(k+1)®p* i _
Vect, ﬂ> |cosk (Vect, (A*®))]
admits a lift Zariski locally as indicated.
(B) The composite

0(k+1)®p*

Vect, |Vect,(A*)| = 1, Loy Vect,

is homotopic to the canonical map on its finite truncations, where the second arrow is the map in Lemma

Proof. Note that the oo-category Shv(Schy) of Zariski sheaves is a hypercomplete oo-topos since each
derived scheme X € Schy, is assumed to be of finite presentation over Z.
(A) Let F be the semi-simplicial object in Shv(Sch;) defined by the pullback square

F ———— cosk(Gr, (A*))

k * i _
Vect, m cosk; (Vect,(A®)).

We show that the induced map |F| — |Vect,| on the geometric realization is an equivalence in Shv(Schy,).
By [LCiir18, Theorem A.5.3.1], it suffices to show that the map F — Vect,, is a trivial Kan fibration, i.e., the
map

F[A™] = Vect,[A™ ] Xyec,[oan F[OA™]

is an effective epimorphism for every m > 0, see [op. cit., A.5.1.6] for the notation. This map is identified
with the map

VeCtn X cosky (Vect,(A*))[Am] COSkk(Grn(A.))[Am] - VeCtn X cosky (Vect,(A*))[8AM] COSkk(Grn(A.))[aAm]
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and it is an equivalence for m > k, and thus we may assume that m < k. Then, since Gr,, and Vect, satisfy
closed gluing by [Curl8, Example 17.3.1.3], the map is further identified with

Vect,, Xyec,(am) GTp(A™) — Vect, Xvyee, (aam) Gr,(9A™)

by [EHKSYZ1, Lemma A.2.6]. Over an animated ring A such that m,(A) is local, 7, of the right hand side
is identified with the set of homotopy equivalent classes of surjections ﬁs’gj — 0(k+1)°", Ar- We have to
A
show that such a surjection lifts to a surjection ﬁz’f" — O0(k+1)®" up to homotopies. Consider the diagram
‘A

O(k—m)® —= 0(k+1)*" —= 0(k+1)°"|

for a given surjection a. Note that the bottom row is a fiber sequence. Since H 1(52”, 0(k—m)®") = 0, there
exists a lift o’ as indicated. Furthermore, since @(k —m) is globally generated, we can add extra sections
to ensure that the lift o is surjective. This completes the proof of (A).

(B) For each m > 0, we have a commutative diagram of semi-simplicial objects

o(k+1)ep* - Loy Vect, (A™
Vect, ® A" —— "> Vect,(A™) ® A™ Y mot! ”(_ ) A" <—— y, Loy Vect, ® A™
TeLmoy*Vect,(AZ,) =
O(k+1)®p* _ Loty Vect, (A® .
Vect, _oteber cosk,,(Vect,(A*)) — coskm( T _mot? "(_ ) ) p~ cosk,,, (7, Loy Vect,).
Y*Lmoty*veCtn(A;o) B

Hence, it suffices to show that the top horizontal composition is homotopic to the canonical map. Note that,
for any point x € A™ not meeting A™ , the pullback along the inclusion i: {*} — A™ induces an inverse of
p* on the top. Since i*@(k + 1) is trivial, the assertion follows. 0

Corollary 3.4. For every n,k > 0, the diagram
Lot "Gra) <k
| !
Vect, — (1. Lnory " Vect, )<
admits a lift Zariski locally as indicated, where (—)<;. denotes the pointwise k-truncation.
Proof. By Lemma B33, we have a commutative diagram with a Zariski local lift as indicated

7 |eosky (Gr,(A*))] —— lcoski (¥ Lot *Gra)l —— (¥+LmotY " Gla)<k

o | |

VeCtn - = |COSkk(VeCtn(A.))| - |COSkk(Y*Lmot‘}/*veCtn)| - (Y*Lmot}/*veCtn)sk:

e oA — 003 Vo)l

can

where the rightmost horizontal arrows come from the canonical map |cosk; X | — |cosk, X |, >~ |X | for a
semi-simplicial space X. Hence, we get a desired lift. O

Corollary 3.5. For every qcgs derived scheme S, the canonical map

Lmoty*P‘?o - Lmot}’*ipics
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is an equivalence.

Proof. We may assume S = Spec(Z). By Corollary B4, we have a commutative diagram

LZar(Y* Lmot}/*]P)Oo )Sk

2
Pic —— LZar(Y*Lmot'}/*Tic)sk'

The map ¢, is characterized as a unique map which makes the diagram commutative since the right vertical
map has a left inverse by Lemma B=2. In particular, these maps are assembled into a map

¢ : Pic— hz{n LZar(Y*Lmot}/*Poo )Sk'

Since the oco-topos Shv(Xy,,) has finite homotopy dimension for each derived scheme X € Sch;, we have
an equivalence limy Ly, (7, Lot Y P )<k 2 Y LmotY ' P°°. Therefore, we get a morphism Pic — y, L.y P>
inducing a right inverse of the canonical map Lo,y *Pg° — Ly Y *Pics 2 Since the canonical map has a left
inverse by Lemma B™, we conclude that it is an equivalence. g

Corollary 3.6. Let E be a homotopy commutative algebra in SHgbf(SchS). Then there is a canonical ring
isomorphism
T E(Picg) ~ m E(S)[[t]],

where t is the Euler class of the universal line bundle.

Proof. This is immediate from Corollary 222 and Corollary B5. g

4. CHERN CLASSES AND FORMAL GROUP LAWS

Definition 4.1. Let & be a vector bundle of rank r > 1 on a derived scheme X € Schg. We let ¢4(£) = 1.
For 1 <i < r, we define the i-th Chern class ¢;(&) € TyPMGLg(X) to be unique elements which satisfy the
formula
.
D (-1)E - pie,(8)=0
i=0
in ©,PMGLg(P(&)), cf. Lemma IT8. We write (&) := ).

r

o ¢;(&)t!, which is the total Chern class.

Remark 4.2. The Chern classes are compatible with base changes since the Euler classes are. If ¢ is a line
bundle, then ¢;(¥) = e(¥).

Let m: Pic x Pic — Pic be the map classifying the tensor products of line bundles. Consider the induced
map
m*: PMGLg(Picg) — PMGLg(Picg x Picg),
and let f,,;, be the image of ¢;(Z,,;y) in
ToPMGLg(Picg x Picg) ~ mwyPMGL(S)[[x, y 1],

where the isomorphism is by Corollary BA. Then f, ., is a formal group law over 7,PMGLg(S). Moreover,
the formal inverse power series of t in woPMGLg(S)[[t]] ~ 7,PMGLg(Picg) corresponds to the first Chern

class of .,Sfl;l}v. The next two lemmas are the standard properties of Chern classes and formal group laws.

31t is not clear if the obtained map is indeed a right inverse, since ¢; above is unique only up to non-canonical homotopies. This
gap has been fixed in [AT23], and the result here remains true.
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Lemma 4.3. Suppose that X € Schy is noetherian and admits an ample line bundle. Then the first Chern
classes of line bundles on X are nilpotent in moPMGL¢(X) and we have an equality

(£ 0 L") = fum(c1(£),c:(£)) € myPMGLg(X)
for every pair of line bundles £, %’ on X.

Proof. If & is a globally generated line bundle, then it is generated by a finite number of global sections
since X is noetherian. Then it is immediate from the definition of the Euler class that e(¥) = ¢;(&) is
nilpotent. It follows that the map

7oPMGLg(X)[[t]] ~ ,PMGL(Pics) — m,PMGLg(X)

induced by the map X — Pic classifying £ factors through m,PMGLg(X)[t]/t™ for some m > 0. In partic-
ular, ¢;(£ 1), which is the image of the formal inverse of t, is also nilpotent.

Since X admits an ample line bundle, every line bundle £ on X can be written as £ ® £, ! for some
globally generated line bundles %, and .%,. Since we have seen that ¢,(%;) and ¢;(%, ') are nilpotent, the
map

ToPMGLg(X)[[x, ¥y ]] = moPMGL(Picg x Picg) — mPMGLg(X)
induced by the map X — Pic x Pic classifying (£, £, 1) factors through 7moPMGLg(X)[[x,y11/(x,y)™
for some m > 0. Since ¢;(%) is the image of f,.;,, it is nilpotent. Then the last claim is an immediate
consequence of the construction. O

Lemma 4.4. Suppose that X € Schg is noetherian and admits an ample line bundle. Let & be a vector bundle
of rank r > 1 on X. Then the following hold in moPMGLg(X):
@) e(&)=c.(&).
(i) ¢;(&) is nilpotent for each i > 1.
(iii) If & admits a filtration
0=6,C&C-CE =6
such that &; = &;/&;_, is a line bundle for 1 <i < r, then

&) =] Ja+a=z).
i=1

(iv) If we have a fiber sequence
g/ — ép_) g,//

of vector bundles on X, then c(&) = c(&’) - c(&”).

Proof. Firstly, (iv) follows from (iii) by taking the pullback of & to the derived scheme representing full flags
of &. Similarly, (ii) follows from (iii) and Lemma BE-3. We need a splitting trick for the other assertions.
Suppose we are given a fiber sequence
& 4 &—&"
of vector bundles on X. Let t,, t; be homogeneous coordinates of P!, and let & be the cofiber of the map
(det)e(fet): & - &) s&(1)

of vector bundles on P! x X. Then it = &' ® &” and i’ & = &, and thus we get c(&) = c(6’ ® §”) and
e(&)=e(&' ®&").

(i) It is obvious for line bundles. For the general case, we may assume that & is a direct sum of line
bundles _, & by the splitting trick. Since Sym(P %) = ®; Sym(Z;), we have e(&) = [ [, e(%£,), and
thus the assertion follows from (iii).

(iii) We may assume that & = @!_, ;. Consider the universal quotient & — (1) on P(&). The induced
map & — 0(1) gives a global section s; of Zi_l(l), and let D; C P(&) be the derived vanishing locus of s;.
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Then the intersection of all D; for 1 < i < r is empty, from which it follows that [ [, cl(fi_l(l)) = 0. By the
formal group law (Lemma BE3),

E=q(LeL ' () =a(L)+a(lL Q)+ Z apqc1 (L) e (£ (1)1
p.g=1

for some a,, € 1,PMGL4(S), and therefore [ [,(§ —¢;(;)) = 0. This implies the desired equation. O
We can compute the cohomology of grassmannians in terms of Chern classes by using Lemma E4.

Lemma 4.5. Let E be a pbf-local sheaf with transfers on Schg and n > 0. Let & be a vector bundle of rank r > 1
on a derived scheme X € Schg and & the universal quotient bundle of & on Gr,(&). Assume that X =S x5 X’
for some noetherian derived scheme X' € Schy, admitting an ample line bundle and that & = & for some
vector bundle &' of rank r on X’. Then the morphism

D (c(2)* p*): DEX) - E(Gr,(6))

is an equivalence, where a runs over all n-tuples of non-negative integers with |a| < r—nand c¢* :=] | cf‘f.
Proof. We prove by induction on n. The case n = 0 is obvious, and let n > 1. By Lemma P8, the map
} n—1
D& DEGr,(6) - E(P(2))

i i=0

is an equivalence. Hence, it suffices to show that the composite
c(2)* g
PP Ex) — EPE(Gr,(6)) > E(P(2))
i a i

is an equivalence. Note that P(2) is isomorphic to the grassmannian Gr,_;(&’) of the universal subbundle
&’ of & on P(&). Therefore, by the induction hypothesis, the map

r—1
> e@e: DEPEX) - E®(2)
B s Jj=0

is an equivalence, where 2’ is the universal subbundle of £ on P(£2) and f runs over all (n — 1)-tuples of
non-negative integers with || < r—n. By Lemma B4 (iv), we have ¢, (2) = ¢, (2')+¢;_1(2')&. Therefore,
it remains to show that the family

(e TT(c(@) + cea(29)8)%}

forms the same linear system as {c(2)P&/},< j<r—1,8, and this is elementary; or we can refer to the classical
computation of cohomology of grassmannians (as in [Ful98, §14.6], for example), since it gives a desired
invertible matrix over Z. O

0<i<n—1l,a

Corollary 4.6. Let E be a homotopy commutative algebra in SHgbf(SchS). Then there is a canonical ring
isomorphism
T[*E(Grn,S) ~ TC*E(S)[[CI: [EEE) Cn]]>
where c; is the i-th Chern class of the universal quotient bundle on Gr,, s.
Proof. By Lemma B35, the map
mES)ey, ..., ¢0] = mE(GrL,(65))

sending c; to the i-th Chern class of the quotient bundle £ is surjective, and if we let I be its kernel then
(x Iy = @. Since Gr,(0,') is a base change of Gr, ('), Lemma B4 (i) implies that ¢;(2) € 7,E(Gr,(0}))
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is nilpotent for each i > 1. Hence, 7, E (Grn(ﬁsN )) is complete for the (¢4, ..., c,)-adic topology and the above
map factors through 7, E(S)[[cy,.--,¢,]]. Taking limits with respect N, we obtain a map

TE*E(S)[[CI) B Cn]] - 11]{711 N*E(Grn(ﬁsN)) ~ TC*E(Grn,S):

which is injective since (), Iy = & and induces the identity modulo (cy,...,c,). Note that ,E(Gr, ) is
separated for the (c;,...,c,)-adic topology since we have an injection

(Cly- --;Cn)m llj{fnﬂ*E(Gl’n(ﬁsN)) - li]gn(cla .. -’Cn)mn*E(Grn(ﬁSN))

and the right hand side is zero when m — ©0. Then the result follows from the following observation: if A
is an [-adically complete ring and B is an extension ring of A such that A/IA = B/IB and that B is separated
for the I-adic topology, then A= B. Indeed, B=A+IB=A+I1(A+IB)=---, and thus the separatedness
implies the claim. O

Now we can complete the proof of the main theorem.

Proof of Theorem B. We may assume that the base scheme is S = Spec(Z). We first prove that the canon-
ical map

Loty Gr = Loy Vect,
admits a left inverse. Let &,,;, be the universal vector bundle of rank n over Vect,. Then the projective
space P(&,,;,) is defined as the stack classifying quotients &,,;, > £ with % being a line bundle. Then the
Euler class & of the universal quotient bundle on P(&,,;,) is defined as in Lemma B~ and the map

r—1 r—1
D UE - p): EDEWeet,) - E(P(Eym)
i=0 =0

is an isomorphism for any pbf-local sheaf E with transfers by Lemma PZ8. Hence, we can define the Chern
classes c; of &,,;, by the formula in Definition BEl. Then we get a commutative diagram

[ [ (Lot *Gr, )(Spec(2))

Z(C(guniv)a'P*)\L \

(Lmoty*Grn)(veCtn) - (Lmoty* Grn)(Grn)

and the diagonal arrow is an equivalence by Lemma BEH. Hence, the canonical map y*Gr, — LY Gr,
lifts to a map y*Vect,, — L,,.Y*Gr,, which gives a desired left inverse.
The rest of the proof is identical to that of Corollary BH. By Corollary B4, we have a commutative
diagram
LZar(Y*Lmoty*Grn)Sk
o
VeCtn LZar(Y*Lmoty*veCtn)sk'

The map ¢, is characterized as a unique map which makes the diagram commutative since the right vertical
map has a left inverse. In particular, these maps are assembled into a map

¢ : VeCtn - hlzn LZar(Y*Lmoty*Grn)gk = Y*Lmoty*Grn;

which induces a right inverse of the canonical map L.,y Gr, — Ly.1" Vect,..? Since we have seen that
the canonical map has a left inverse, we conclude that it is an equivalence. O

4As in the proof of Corollary B, it is not clear if the induced map is indeed a right inverse. This gap has been fixed in [AT23], and
the result here remains true.



COHOMOLOGY OF THE MODULI STACK OF ALGEBRAIC VECTOR BUNDLES 15

Corollary 4.7. Let E be a homotopy commutative algebra in SHgbf(SchS). Then there is a canonical ring
isomorphism

H*E(vectn,S) ~ TC*E(S)[[CD s Cn]];

where c; is the i-th Chern class of the universal vector bundle of rank n.

Proof. This follows from Theorem BTl and Corollary E8. O

5. REPRESENTABILITY OF LOCALIZING INVARIANTS

Examples of pbf-local sheaves of spectra with transfers are supplied by localizing invariants. Let Cat$
be the co-category of small stable co-categories and exact functors. A localizing invariant is a functor
CatZ — Sp which carries exact sequences in Cat® to fiber sequences of spectra, cf. [[TTY, Definition 1.2].

Let Sch be the co-category of all qcgs derived schemes and suppose that it is marked with respect to finite
quasi-smooth morphisms in the sense of [Mac20, Definition 2.6.1]. Then the functor Perf: Sch®” — CatZX of
perfect complexes is bivariant in the sense of [Mac2(, §3.2] by [[Lurl8, Corollary 3.2.3.3, Theorem 6.1.3.2].
Hence, by [MacZ0, Theorem 3.8.1], the functor Perf extends to a functor

T f
Perf': Corr'®™(Sch)® — Catfy .

Lemma 5.1. If E is a localizing invariant and S a qcgs derived scheme, then the composite

Corr®™(Schg)°P — Corr'®™(Sch)°P e, CatZ LN Sp

is a pbf-local sheaf of spectra with transfers on Schg.

Proof It suffices to show that the composite EoPerf' satisfies Zariski descent and projective bundle formula.
The descent essentially follows from the work [TT90], see also [IT1Y, Lemma A.1], and the projective
bundle formula is satisfied by [Kha20, Theorem B]. O

We regard a localizing invariant as a pbf-local sheaf with transfers by Lemma B1. The next goal is to show
that a multiplicative localizing invariant yields an E,-algebra in SHgbf(SchS). A multiplicative localizing
invariant is a lax symmetric monoidal functor (CatZ )® — Sp® whose underlying functor Cat® — Sp is a
localizing invariant.

Lemma 5.2. Let 6% be a cocartesian symmetric monoidal co-category whose underlying co-category 6 is
equipped with a marking with collar change [Mac20, 3.1.31%. Let F: 6€® — Cat, be a lax cartesian structure
[Curl7H, Definition 2.4.1.1]. Assume that:

(i) The underlying functor F: 6 — Cat, is right bivariant with collar change [Mac2(, 3.2.5].
(ii) F satisfies projection formula, i.e., for any marked morphism f : X — Y in 6, the canonical map

f(He =)= fl=)ef (=)

is an equivalence, where f* := F(f) and f, is a right adjoint of f*.

Then F extends to a lax cartesian structure F': coCorr(%6)® — Cato,, where coCorr(€) is the co-category of
cocorrespondences in 6, i.e., coCorr(6) := Corr(6°P)°P.

We remark that the functor F : 6 — Cat,, factors through the co-category Mony,_ (Cat.,) of symmetric
monoidal co-categories, but F': coCorr(%4) — Cat,, does not factor through Mong_ (Cat,, ) in general.

Sle, € is equipped with a distinguished class of morphisms which are stable under pushouts along arbitrary morphisms.
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Proof. We equip ¢® with the vertical marking, i.e., a morphism f in ¥® is marked if and only if it lies over
the identity (n) — (n) for some n > 0 and f is a product of marked morphisms in 6. It suffices to show that
the functor F: € — Cat,, is right bivariant with collar change; then we can apply Macpherson’s extension
theorem [Mac20, Theorem 3.8.1] and the extension is lax cartesian since 6® — coCorr(6)® is essentially
surjective. We have to show that, for a cocartesian square

f
(Y., V) —— (X4, ..., X,)

ig \Lg/
f/

(Y),...,Y) ——(X],...,X;)
in €® with f being a product of marked morphisms, the base change map g*f, — f*’gl* is an equivalence.
This is clear if g is an inert morphism and thus we may assume that g is active. Then, by induction, the
problem is reduced to the right adjointability of cocartesian squares of the form

(f1.f2)
v, v) 22 (x, x,)

P,k

Y ——X,

where 6 is the codiagonal map. The square is cocartesian if and only if X ~ X; LIy X,, and in this case the
base change map 6*(f,, f,), — f.8 * is identified with f;, ® f,, — f*(fll* ® le*), where f/ is the canonical
map X; — X. Then it is an equivalence by the projection formula. g

Lemma 5.3. Let 6® be a symmetric monoidal oo-category and F: 6® — Cat, a lax cartesian structure.
Assume that:

(i) The underlying functor F : 6 — Cat, factors through the subcategory Catf .
(ii) For each morphism (X,...,X,) — X in €® lying over the active morphism (n) — (1), the induced
functor

F(Xy)x - xF(X,;) = F(X)
preserves finite colimits in each variable.

Then F uniquely lifts to a lax symmetric monoidal functor €® — (Cat )®.

Proof. By [LuirT7H, Proposition 2.4.1.7], the oo-category Fun'®(¢®, Cat,,) of lax cartesian structures is
equivalent to the co-category Fun™(¢®, Cat ) of lax symmetric monoidal functors. Under this equiv-
alence, a lax symmetric monoidal functor F: ¥® — Cat}  factors through the subcategory Cate,(K)®
constructed in [LurT7B, Notation 4.8.1.2], where we take X to be the set of all finite simplicial sets, if and
only if the co-category F(X) admits finite colimits for each X € € and F satisfies the condition (ii). Fur-
thermore, since Cat$} is a reflective subcategory of Cat.,(X) and the left adjoint is symmetric monoidal,
we conclude that F uniquely factors thought a lax symmetric monoidal functor ¢® — (CatX )®. 0

Corollary 5.4. Let E be a multiplicative localizing invariant and S a qcgs derived scheme. Then the associated
pbf-local sheaf E of spectra with transfers is promoted to an E,-algebra in SH;rbf(SchS ).

Proof. We apply Lemma to 6 = Sch®® and F = Perf. Then Perf satisfies projection formula by [[urlSs,
Remark 3.4.2.6], and thus we get a lax cartesian structure

Perf": (Corr™®™(Sch)°?)® — Cat,,.
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This extension satisfies the condition of Lemma 53, and thus Perf" lifts to a lax symmetric monoidal functor
to (CatX )®. Then we get a lax symmetric monoidal functor

E®: (Corr'®™(Schg)*)® — (Corr®™(Sch)?)® 255 (Cat™ ) 5> Sp®.

We can regard E® as an E, -algebra in the symmetric monoidal co-category Fun(Corr®®™(Schg)?, Sp)® of
presheaves of spectra and the Day convolution products. Since the localization functor L, is symmetric
monoidal and E® underlies the pbf-local sheaf E of spectra with transfers, we conclude that E = L,,.,E® is
an E,-algebra in SHgbf(SchS). O

REFERENCES

[Ann21] T Annala, Bivariant derived algebraic cobordism. J. Algebraic Geom. 30 (2021), no. 2, 205-252.

[AI23] T. Annala, R. Iwasa, Motivic spectra and universality of K-theory. 2023, arXiv:2204.03434,

[BH21] T. Bachmann, M. Hoyois, Norms in motivic homotopy theory. Astérisque No. 425 (2021).

[Bin20] E Binda, A motivic homotopy theory without Al-invariance. Math. Z. 295 (2020), no. 3-4, 1475-1519.

[BP@20] E Binda, D. Park, P A. @stveer, Triangulated categorical of logarithmic motives over a field. To appear in Astérisque, 2020,
arxiv-2004 17798,

[BGT13] A. J. Blumberg, D. Gepner, G. Tabuada, A universal characterization of higher algebraic K-theory. Geom. Topol. 17 (2013),
no. 2, 733-838.

[KMSY21] B. Khan, H. Miyazaki, S. Saito, T. Yamazaki, Motives with modulus I: Modulus sheaves with transfers for non-proper modulus
pairs. Epijournal Géom. Algébrique 5 (2021), Art. 1, 46 pp.

[EHKSY20] E. Elmanto, M. Hoyois, A. A. Khan, V. Sosnilo, M. Yakerson, Modules over algebraic cobordism. Forum Math. Pi 8 (2020),
el4, 1-44.

[EHKSY21] E. Elmanto, M. Hoyois, A. A. Khan, V. Sosnilo, M. Yakerson, Motivic infinite loop spaces. Camb. J. Math. 9 (2021), no. 2,
431-549.

[Ful98] W. Fulton, Intersection theory. Second edition. Ergebnisse der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern
Surveys in Mathematics, 2. Springer-Verlag, Berlin, 1998, xiv+470 pp.

[GGN15] D. Gepner, M. Groth, T. Nikolaus, Universality of multiplicative infinite loop space machines. Algebr. Geom. Topol. 15 (2015),
no. 6, 3107-3153.

[HINTY20] M. Hoyois, J. Jelisiejew, D. Nardin, B. Totaro, M. Yakerson, The Hilbert scheme of infinite affine space and algebraic K-theory.
To appear in JEMS, 2021, arXiv:2002.11439.

[Kha20] A. A. Khan, Algebraic K-theory of quasi-smooth blow-ups and cdh descent. Ann. H. Lebesgue 3 (2020), 1091-1116.

[KR19] A. A. Khan, D. Rydh, Virtual Cartier divisors and blow-ups. 2019, arXiv=1802_05702.

[LT19] M. Land, G. Tamme, On the K-theory pullbacks. Ann. of Math. (2) 190 (2019), no. 3, 877-930.

[Lurl7a] J. Lurie, Higher topos theory. 2017, https://www.math.ias.edu/ " lurie/.

[Lurl7b] J. Lurie, Higher algebra. 2017, https://www.math.ias.edu/ " lurie/.

[Lur18] J. Lurie, Spectral algebraic geometry. 2018, https://www.math.ias.edu/ lurie/.

[Mac20] A.W. Macpherson, A bivariant Yoneda lemma and (00, 2)-categories of correspondences. To appear in Algebraic Geom. Topol.,
2020, arXiv-2005 T0496.

[MV99] E Morel, V. Voevodsky, Al-homotopy theory of schemes. Inst. Hautes Etudes Sci. Publ. Math. No. 90 (1999), 45-143.

[NS®09] N. Naumann, M. Spitzweck, P A. @stveer, Motivic Landweber exactness. Doc. Math. 14 (2009), 551-593.

[TT90] R. W. Thomason, T. Trobaugh, Higher algebraic K-theory of schemes and of derived categories. The Grothendieck Festschrift,
Vol. I1I, 247-435, Progr. Math., 88, Birkhduser Boston, Boston, MA, 1990.

[Tot18] B. Totaro, Hodge theory of classifying stacks. Duke Math. J. 167 (2018), no. 8, 1573-1621.

[Qui71] D. Quillen, Elementary proofs of some results of cobordism theory using Steenrod operations. Advances in Math. 7 (1971),
29-56 (1971).

SCHOOL OF MATHEMATICS, INSTITUTE FOR ADVANCED STUDY, 1 EINSTEIN DRIVE, 08540 PRINCETON, NJ, USA.
Email address: Eannala©ias edn

LABORATOIRE DE MATHEMATIQUES D’ORSAY, UNIVERSITE PARIS-SACLAY, 307 RUE MICHEL MAGAT, F-91405 ORSAY.
Email address: Fyomel.iwasa@cnrs.Ir


https://arxiv.org/abs/2204.03434
https://arxiv.org/abs/2004.12298
https://arxiv.org/abs/2002.11439
https://arxiv.org/abs/1802.05702
https://www.math.ias.edu/~lurie/
https://www.math.ias.edu/~lurie/
https://www.math.ias.edu/~lurie/
https://arxiv.org/abs/2005.10496
mailto:tannala@ias.edu
mailto:ryomei.iwasa@cnrs.fr

	0. Introduction
	1. Sheaves with transfers and projective bundle formula
	2. Euler classes
	3. Moduli stack of vector bundles
	4. Chern classes and formal group laws
	5. Representability of localizing invariants
	References

